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Petri nets — Exercise Sheet 5

Exercise 5.1
Consider the following Petri net (with weights) N

(a) Build the incidence matrix of A.

(b) Let My = {p1,p1}. Try to determine whether
MO i> {p17p1ap1ap4}7
MO i> {plaplaplaplap2}7
MO i> {plap%pf)}v

by solving the marking equation.

Exercise 5.2
For the following invariants, check if the net below has such an invariant. If yes, give one such invariant.

1. a semi-positive T-invariant

2. a positive T-invariant
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Exercise 5.3
Exhibit counterexamples that disprove the following conjectures:

1. For a Petri net (N, My), an S-invariant I of N and a marking M, if [ - My = I - M, then M is reachable
from Mj.

2. For a Petri net (N, Mp) and a place s of A/, if s is bounded, then there is an S-invariant I of A" with
I(s) > 0.

Exercise 5.4

On exercise sheet 1, we saw Lamport’s algorithm for mutual exclusion. We used LoLA to show that it ensures
mutual exclusion, which however needs state-space exploration. We now want to use invariants and traps to
show that this holds. Below is a slightly smaller but equivalent model of Lamport’s algorithm as a Petri net.

First process Second process First process Second process
x = False y = False
while True: while True:
p1:  x = True qr: y = True
P2 while y: pass qo: if x:
Pp3: # critical section gs3: y = False
x = False qa: while x: pass
goto q1
gs: # critical section
y = False

The goal is to show that there is no reachable marking M such that M(p3) > 1 and M(gs) > 1.

(a) The net has the following S-invariants Iy, ..., Is, which form a basis of the space of all S-invariants:
pP1 P2 P3 T Ty @1 Q92 43 44 45 Yt Yf
L = (1 1 1 0 0O 0O 0O 0 0 0 0 0 )
I, = (0 1 1 0 1 0 0 0 0 0 0 0 )
I35 = ( 0 0 0 1 1 0 0 O 0 0 0 0 )
, = (0 o0 o0 o0 o0 1 1 1 1 1 0 0 )
Ir, = ( 0 0 o O o0 O 1 1 0 1 0 1 )
Is,. = ( 0 0 0O 0O O O o o0 0 O 1 1 )

Use these invariants to show that there is a unique marking M where M ~ My, M (p3) > 1 and M (g5) > 1.

(b) Use traps to show that the marking M derived in (a) is not reachable from M. For this, find the largest
unmarked trap at M using the algorithm for the largest siphon, adapted to traps.

Exercise 5.5

1. Give a procedure that, given a net N, constructs a boolean formula ¢ satisfying the following properties:

e The formula contains variables r, for each place s € S,



e if ¢ is satisfiable, then A has a trap,
e and if ¢ is not satisfiable, then N has no trap.
e Additionally, if A is a model of ¢, then the set given by R = {s | A(rs)} is a trap of N.

. Apply your procedure to the Petri net on the left below and give the resulting constraints.

. Adapt your procedure such that, given two marking My and M, it adds additional constraints to ensure
that any trap R obtained as a solution by the constraints is marked at M, and unmarked at M. The
constraints should be satisfiable iff a trap marked at My and unmarked at M exists.

. Construct the constraints for the Petri net below with the markings My and M.

. Use your constraints and the trap property to show that M is not reachable from Mj in the net below.

Marking M, Marking M




Solution 5.1
(a)
t1 to t3 ta s
p1 | —1 3 0 0 0
_ b2 1 -1 -1 2 0
N = P3 0 0 0 0 2
o 0 -1 0 1 -1
D5 0 0 1 -1 0

% This can be verified using APT by using the command java -jar apt.jar matrices pn_4-1.apt.

(b) Let us first write the markings as vectors:

M, =

=
|
OO OO N
O = OO W
S
\
OO DO
=
Il
—_0 O =

We need to solve M; = Mo+ N - X, for each i € {1, 2,3}, which is equivalent to solving N - X = M; — M.
All three systems of equations can be solved simultaneously by using Gaussian elimination:

-1 3 0 0 0j1 2 -1 100 0 0]-11 2
1 -1 -1 2 0]0 1 1 01 0 00 0 1 1/3
0 0 0 0 210 0 0Ol~] 001 O0O0 1 1 4/3
0 -1 0 1 =11 0 0 00 010 1 1 1/3
0 0 1 -1 0]0 O 1 00 0 01 0 0 0

Markings M; and M3 are not reachable from Mj since their associated (unique) solutions contain respec-
tively negative and non integer values. Since the marking equation for My has a non negative integer
solution, we cannot conclude whether M, can be reached or not. In fact, a closer look at the Petri net

L . titstst
shows that it is reachable since My 2225 M,.

Solution 5.2
A vector J is a T-invariant if N-J =0orif Vs € S: Y, .. J(t) = > ,c.e J(t) or J = o for some occurrence

sequence o and marking M with M % M (fundamental property of T-invariants). By the second definition,
we obtain the following equations for a T-invariant J = (¢, to, t3, t4,t5):

t1 =12

ty =11+ 14

ta =13

ts = to
lgt+ta=1s5

These can be simplified and reduced to following equivalent set of equations:

t1 =ty =13 =15
ty =0

By specifying t; the T-invariant is completely defined. By setting ¢; = 1, we obtain the following semi-positive
T-invariant:

J=(1,1,1,1,0)

As t4 = 0 for all T-invariants, there can be no positive T-invariant.



Solution 5.3

1. In the following net, we have I = (0) as an S-invariant (the zero vector is an S-invariant for any net), and
therefore we have I - My =0 =1I- M for any markings My and M. However the marking M = (2) is not
reachable from My = (1).

2. In the following net, the place s; is bounded. We have N = (—1) and therefore I(s1) = 0 for any
S-invariant.

O-O

As a more interesting example, take the following Petri net, known from exercise 2.1(c), which is live and

bounded.
ty
s3
S5
51 4 <—O—> t 52
S4
to

Any S-invariant I would need to satisfy

I(s1) =1(s2)+ I(s5)
I(s2) = I(s1) + I(s5)
I(s3) =1(s4)+ I(s5)
I(s4) = I(s3) + I(s5)

and therefore I(s5) = 0, so there is no positive S-invariant.

Solution 5.4
(a) Assume M ~ My, M(ps) > 1 and M(gs) > 1. We then need to have I,;- M = Ij,- My for k € {1,2,3,4,5,6}.
We can then derive

I,-M =1, - M,
SO M(p)=1  M(ps)>1 I M= 1I,- M,
M(p1) =0, M(p2) =0, M(p3) =1 M(p2) + M(ps) + M(zy) =1 I3- M = I3 - M,
M(zf)=0 M(xy)+M(zp) =1
M(.’L‘t) =1
and
I,-M =1, M,
S M(g)=1  M(g)>1 Io- M = I - M,
M({q1,92,q3,94}) = 0, M(g5) = 1 M(q2) + M(q3) + M(gs) + M(ys) =1 Is - M = Ig - My
M(ys) =0 M(y:) + M(yy) =1
M(yt)zl



from which it follows that M = {ps,x¢, g5, y:}. We have that M agrees with My on Iy,..., I, and as
these are a basis, also on all invariants. Therefore we have M ~ Mj. This means using only invariants
(or the marking equation over the rationals), we can not conclude that M is not reachable from M.

% A basis of the space of semi-positive S-invariants of this can be found with APT by using the command
java —jar apt.jar invariants lamport_4-4.apt s.

(b) As the invariants in (a) were inconclusive in determining if a marking M with M(p3) > 1 and M(qgs)
is reachable, we now use traps to show that the M of (a) is not reachable. We want to find a trap R
such that My(R) > 0 and M(R) = 0, therefore violating the fundamental property of traps for reachable
markings.

It suffices to look at the largest unmarked trap in M, derived with the fixed-point algorithm for siphons
from the lecture, adapted to traps by switching pre- and postsets. Initially, we set R = {s € S | M (s) = 0}.
We then obtain:

R = {P17P2»IfafthZa‘]Bv‘Mv?Jf} =5 \ {p3aztaQ57yt}
.R = {Sla827S3a547t17t27t37t47t5?t63t7} = T
R® = {s1, 52,83, t1,t2,t3,ta,t5,t6} = T \ {s4,17}

We have R®* C *R, so R is already a trap and our solution to the largest unmarked trap at M.

With My = {p1,z5,q1,y5} we have My(R) = 4 > 0. As M(R) = 0, by the fundamental property of
traps, we then obtain that M is not reachable from M. We showed in (a) that this M is the only M
with M (p3) > 1 and M(gs) > 1 satisfying M ~ My, and thus also the only M for which the marking
equation has a solution. With our trap R it then follows that there is no such M where both M ~ M,
and M(R) > 0 hold, so no such M is reachable. This shows that the algorithm satisfies mutual exclusion.

% The minimal trap R’ = {p2, 2,3, 2f,ys} C R would also be sufficient to show this property. This
trap can be found e.g. with APT by using the command java -jar apt.jar traps lamport_4-4.apt.

Solution 5.5

1. Any trap R satisfies R®* C *R and therefore Vi € T : s € *t: s € R = 35’ € t* : s € R. This can be
encoded with the following formula, which can be unrolled for a given net V:

A(v )= (v -
teT sEpret s’ €postt

Any assignment satisfying the formula gives rise to a set R which satisfies the trap condition and is
therefore a trap.

2. The constraints are as follows:

Ts, = Tsy VTsy
Ts, = Ts, V Ty
Tsy = Tsg
Tsy —> Tsy,
Ts, = Tsg
Tsy = Tsy

Tsg VTs, = Tg;

3. To ensure that the trap is marked at My and unmarked at M, we can add the following constraint:

\/ rs | A /\ s

s€S: My (s)>0 SES:M(s)>0

4. The additional constraints are:

rsy A (2rs, ATs)



5. We obtain a satisying assignment A for the constraints by setting A(rs,) = A(rs,) = A(rs,) = A(rs,) =
A(rs,) =1 and A(rs,) = A(rs;) = 0. The trap obtained from these constraints is R = {s1, $3, 84, S6, S7}
As the trap is marked at My, it needs to stay marked in any reachable marking, therefore the marking M
is not reachable.



