
Proposition 1. For every LTL formula ϕ, the following holds:

(a) σ |= Fϕ ⇐⇒ ∃i σi |= ϕ,

(b) σ |= Gϕ ⇐⇒ ∀i σi |= ϕ,

(c) XFϕ = FXϕ,

(d) XGϕ = GXϕ,

(e) FFϕ = Fϕ,

(f) GGϕ = Gϕ,

(g) FGFϕ = GFϕ,

(h) GFGϕ = FGϕ.
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Proof.

(a)

σ |= Fϕ ⇐⇒ ∃i (σi |= ϕ ∧ ∀k < i σk |= true)

⇐⇒ ∃i (σi |= ϕ ∧ ∀k < i true)

⇐⇒ ∃i σi |= ϕ.

(b)

σ |= Gϕ ⇐⇒ σ |= ¬F¬ϕ
⇐⇒ ¬(σ |= F¬ϕ)
⇐⇒ ¬(∃i σi |= ¬ϕ)
⇐⇒ ¬(∃i ¬(σi |= ϕ))

⇐⇒ ∀i σi |= ϕ.

(c)

σ |= XFϕ ⇐⇒ σ1 |= Fϕ

⇐⇒ ∃i (σ1)i |= ϕ

⇐⇒ ∃i (σi)1 |= ϕ

⇐⇒ ∃i σi |= Xϕ

⇐⇒ σ |= FXϕ.

(d)

XGϕ ≡ X¬F¬ϕ
≡ ¬XF¬ϕ
≡ ¬FX¬ϕ
≡ ¬F¬Xϕ
≡ GXϕ.

(e)

σ |= FFϕ ⇐⇒ ∃i σi |= Fϕ

⇐⇒ ∃i (∃j (σi)j |= ϕ)

⇐⇒ ∃i, j σi+j |= ϕ

⇐⇒ ∃k σk |= ϕ

⇐⇒ σ |= Fϕ.
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(f)

GGϕ ≡ ¬F¬(¬F¬ϕ)
≡ ¬FF¬ϕ
≡ ¬F¬ϕ
≡ Gϕ.

(g) Note that σ |= GFϕ trivially implies σ |= FGFϕ. Assume σ |= FGFϕ. We have

σ |= FGFϕ ⇐⇒ ∃i ∀j ∃k σi+j+k |= ϕ

=⇒ ∀j ∃k σj+(i+k) |= ϕ

=⇒ ∀j ∃` σj+` |= ϕ

⇐⇒ σ |= GFϕ.

(h)

GFGϕ ≡ ¬F¬F¬F¬ϕ
≡ ¬FGF¬ϕ
≡ ¬GF¬ϕ
≡ FGϕ.
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