Mini-test 1

Q1.

1.
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10.
11.

Q2.

. Ve(A(z) —
. (A(z) —» B
. Va(B(z) — C(x)) by A elimination from (1)
. (B(z) = C

Prove that:

JaVyA(z,y) — VyIzA(z, y)

. assume JaxVyA(x,y)

. YyA(a,y) for some a by existential elimination

. A(a,b) for an arbitrary b by universal elimination
. dzA(z,b) by 3 introduction

. Yy3z A(z,y) by V introduction

. JaVyA(z,y) — Yy3zA(z,y) by — introduction from (1) and (5)

Va(A(z) = B(z)) AVz(B(z) = C(x)) = Vo (A(z) = C(x))

. assume Vz(A(xz) — B(x)) AVa(B(z) = C(z))

B(x)) by A elimination from (1)

(z)) by V elimination from (2)

(2)) by V elimination from (4)

. assume A(x)
. B(x) by — elimination from (3)
. C(x) by — elimination from (5)

. (A(z) = C(x)) by — introduction from (6) and (8)

Vz(A(z) — C(z)) by V introduction

Vz(A(z) = B(z)) AVz(B(z) — C(x)) = Vz(A(r) — C(x)) by — introduction from (1) and (10)

Does the logical statement below hold? If so, give a proof. If not, give a counterexample for it.

VaIyA(z,y) — IyVeA(z,y)

No, it doesn’t. A counterexample can be {D = {1,2}, A(1,1), A(2,2)}

Q3.

1.

2.

3.

Does the satisfaction hold?
{D=1{1,2},p(1,2),q9(1)}  VaVy p(z,y) — q(z) [yes/no] YES
{D=1{1,2},p(1,2),9(1)} & Vo p(z,x) = q(z) [yes/no] YES

{D ={1,2},p(1,1),q(2)} = VaVy p(z,y) — q(z) [yes/no] NO



Mini-test 2

Given the program text

void main(int n) {

int i, j;
L1: i=0; j=mn;
L2: while (i < n) { i++; j-—-; %}
L3 assert(n == i+j);
L4: assert(j == 0);

Q1. Represent the program formally, i.e., as a tuple P = (V, 0init, Perror, R)-

V= (pc,nJ,j)

@init(v) = (pc = Lq)

@err(v):(n#i""j\/j#o)
R=(pc=Li Apd =Ly A" =0Aj =n)V
(pc=LaoApd =LaANi<nAi =i+1Aj =j+1)V
(pc=La Apd = L Ni>n)V
(pc=L3sApd =Ly An=i+j)V

(pc:L3 /\pC/:Ler7'/\n7éI+j)v

(pc = Ly Apc’ = Lggpe N j =0)V
(pc=LyANpc = Lepr Nj#0)

Q2. Inductive invariant computation:

Q2.1. Give an inductive invariant that proves the first assertion. Give conditions that this inductive invariant has to satisfy.
p=(pc=LiVn=i+j)

The conditions that this inductive invariant has to satisfy are:
Pinit = ¢
post(p, pR) ¢

Q2.2. Give an inductive invariant that proves the second assertion.
(pc=L1V(pc=LsAn=i+7)Vj=0)

Q3. Provide a well founded set (W, <), and a ranking function r that prove the program termination.

One ranking function whose value decreases during each loop iteration can be r(i,n) = n — ¢ with ranking bound r(i,n) > 0
such that the corresponding well-founded set is (N, >).



Mini-test 3

Q1.

H,U//

Q2.

Q3.

Q4.

~N O Ot

S Ot s W

Define post(p(v), R(v,v")) =
e[V f] A p[v” fu][v/ ']
Compute post(x <yAz=12' =z+ 1Ay =y—1A2 > 2)

=N (" <y'AN =1Az=2"+1ANy=y" —1Az>2")
=R (@ <y' A" =1A2" " =x—1ANy' ' =y+1Az2>2")
=@x-1<y+1Az>1)

Compute post(a =b,a’ =a+ 1AV =b—2)

=" (" =b"a=ad"+1Ab=0V"—-2)
=" (" =b",a"=a—1AV' =b+2)
=(a—1=b+2)

Prove VoVyVR : post(p V 1, R) H post(e, R) V post(, R)

. assume post(p V¥, R)
7 (p(v) V(v)) [ Jv] A R[v” /v][v/v'] by reducing post into its definition

A (@) A (RW,0)) VA ((v7) A R(v”,v)) by distributing the conjunction and the existential quantifier over the

disjunction

. post(p, R) V post(1, R) by rewriting back in terms of post

. post(p, R) V post(1, R) by rewriting back in terms of post

. therefore, post(¢ V 1, R) = post(¢, R) V post(i), R)

. VoViYVR : post(p V ¥, R) = post(p, R) V post(¢, R) by applying V introduction

. assume (post(p, R) V post(¢, R))

. (307 p()[v” /v] A R(v,v") [0 [v][v/v']) V(T s p(v)[v” Jv] A R(v,v"))[v” /v][v/v']) by reducing post into its definition
A (p(v”) Vp(v”)) A R(v7,v)) by collecting terms over the existential quantifier and R

. post(p V1, R) by rewriting back in terms of post

. therefore, (post(p, R) V post(v, R)) = post(¢ V 1, R)

. VoViVR : (post(e, R) V post(1, R)) = post(¢ V 1, R) by applying V introduction



Mini-test 4

Q1. Prove that « is monotonic, i.e., VoV : (¢ = o) — (a(d) E a()).

Refer to Homework 4, Exercise 2, bullet point 2.

Q2. Given the set of predicates P = {z > 5,z < 10,z = 6}, compute
1. post(zx =6,2' =z + 1) = (z=7).
2. a(z >6) = (z >5).

3. post?(z =6,2' =z +1) = (x > 5 Az < 10).

Q3. Given a program text.

int x;

A: if (x>0) {

B: while(x > 0) x——;
} else {

C: x = 10;
}

D:

Given the predicates {x > 0,2 < 10}, compute the corresponding abstract reachability tree.

Pinit(v) = (pc = A)
V)=(pc=AApd =BAz>0ANz =zx)

(v, )=(pc=AApd =CNhNx<O0ANZ =2x)
p3(v,v)=(pc=BApd =BAx>0Az =x+1)
(v,v") = (pc-B/\pc-D/\xSO/\x— x)
(0,0) = (

We start from the abstract initial state and continue applying each of the 5 transition relations on each state until no new state
is reached.

a(pinit(v)) = a(pe = A) = true = ¢y
post#(sohm) =(220) =2

POSt (¢1,p2) = (x < 10) = 3

post™ (o1, p3) = (z > 0) = o (already reached!)
post™ (o1, pa) = (x < 10) = 3 (already reached!)
post™ (p1,p5) = (x > 0Az < 10) =

We continue to do so for the remamlng states g, @3, and (4. But since there is no new state reached the abstract reachability
computation stops here. The resulting tree is given below.




Mini-test b

Q1. Given the program Prog = (V, @init, Perror, {01, p2}) where:
Yinit =(pc=lAz=0Ay=0)

pr =(pe=binpd =l ANt =x+5NY =y)

p2 =(pe=LApd =N’ =x+1NYy =2)

Gerror = (pc = ls ANy < 5)

1. For the set of predicates P = {pc = ¢1,pc = €y, pc = f3,x > 0,y > 5}, show that the abstraction along the path pjps
reaches an error state, i.e., post™ (post™ ((Pinit), p1), P2) A Perror = false.

a(Pinit) =(pc=0 ANz >0)

post™ (a(Pinit ), p1) =post?(pc =l Az >0,pc=0 Apc' =l ANx' =x+5ANy =y)
= post? (pc =y Az >5) = (pc = la Az > 0)

post™ (post™ (a(Pinit ), p1), P2) =post?(pc =lo Az >0,pc =Ll Apc’ =l Nz’ =x+ 1Ay =2')

= post? (pc=l3 ANz >1ANy=2x)=(pc={3 Az >0)
pOSt#(pOSt#(a(<pinit)vp1)7p2) N Qerror = (PC =l3ANz > 0) A (pc =l3 Ny < 5)
=(pc=l3Nx>0Ay <5)

(pc =3 ANz >0 Ay <5) is satisfiable which implies that (pc =¥l3 Ax > 0 Ay <5) |~ false.

2. Check if the path without abstraction reaches an error state.

Dinit =(pc=lLiNnz=0Ay=0)

post(Pinit, P1) =post(ipc=biNe=0Ay=0,pc=0 Apcd’ =la Nz’ =x+5Ny =y)
=(pc=lANxz=5ANy=0)

post(post(Yinit, P1), P2) =post(pc =l ANz =5ANy=0,pc=UlaApcd’ =lsANa’ =z +1Ay =2a)

=(pc=LlsNx=6Ay=n1)
post(post(Pinit, P1), P2) N Perror = (pc =3 Nx =6Ay=1x) A\ (pc =Ll3 Ny <5)
=(pc=lsNx=6Ay=xAy<5hH)
(pc =43 Nx=6Ay=uxAy<5) is unsatisfiable which implies that (pc =3 Az =6 Ay =x Ay <5) | false.

3. Refine the set of predicates by finding 11, 12, and 3 such that @i = Y1, Y1 A p1 E e, Y2 Ape E s, and Y5 A Yerror E
false.

We will apply interpolation to refine the set. Since we have two transition relations involved in reaching the error, we have
three instances of interpolation to solve.
(a) Let 01(v) = 0" (p1(v,v") 0 p2(v',0")) A @err (v"), we find 11 (v) such that:
Pinit(v) = ¥1(v)
Y1(v) Ad1(v) = false
51(0) = 0" (p1(0,0') © pa(V', 0")) A perr (1)
=W (pc=biApd =loNa' =x+5NYy =y)AN(pd' =l Apc’ =lsNa”" =2+ 1Ay " =2")N(p" =l Ny <5
=W (pec=li A" —1<x+5AYy" =a" Apc” =1L3) N (pc” =¥l3 Ny" <5)
=(pc=l; ANz < 1)

After replacing ;i (v) and 01(v) in the equation above, we get:

(pe=liNz=0Ay=0)FE¢Pi(v)
P1(v) A (pe =€ Nz < 1) |= false

and, then we find 1 (v) as an interpolant of the formulas (pc = ¢ Az =0Ay=0) and (pc =0 Aax < —1).
To make things simpler, we can leave out pc since it has the same value in both formulas. Then, we have the simplified

task of finding interpolant for (x =0 Ay =0) and (r < —1). We can easily see that one interpolant is x > 0.
Therefore, we have 11 (v) = (x > 0). Since we have it already in the set of predicates, the set remains the same.



(b) Let da(v) = T’ p2(v,0") A @err(v'), we find 1h2(v) such that:
I (Y1(v') A pr(v',0)) |= ha(v)
P2(v) A d2(v) = false

da(v) = F pa(v, V") A @err (V)
= (pc=LlaApd’ =lshNa’ =x+ 1Ay =2")A\(pd' =l3 Ny <5)
=(pc=lyNx <4)

F' (W1 (v) A pr(v',0) = (2" 2 0) A (pe' =l Apc=Lla Na=2"+5 Ny =1y)
=(pc=4Lly ANz >D5)

After replacing these two formulas in the equation above, we get:

(pe =L Na > 5) = ¥a(v)

Yo (V) A (pc =y ANz < 4) | false

and, then we find 92 (v) as an interpolant of the formulas (pc = fo Ax > 5) and (pc =l Ax < 4) .

Like we did for the first case, we can leave out pc since it has the same value in both formulas. Then, we have the
simplified task of finding interpolant for (x > 5) and (z < 4). One such interpolant is x > 5.
Therefore, we have 15(v) = (z > 5), and we refine the set of predicates into P = {pc = {1, pc = lo, pc = b3,z > 0,y >
5,2 > 5} by adding ¢9(v) into P.

(¢) In this last step, we simply compute 13 such that:
' (2(V') A p2(v',v)) = 3 (v)
Y3(v) A @err (V) = false

' (o (V') A pa (v, 0)) = (&' >B)A (pc' =l Apc=ts ANz =a"+1Ny=21)
=(pc=Ll3ANz>6Ay>6)
After replacing this formula and @e.-(v) in the equation above, we get:

(pc=tlsNx>6ANy>6)F1vs(v)
Y3(v) A (pe = L3 Ny < 5) |= false

and, then we find ¢3(v) as an interpolant of the formulas (pc =3 Az > 6 Ay > 6) and (pc =Ll3 Ay <5) .

We also leave out pc since it has the same value in both formulas. Then, we have the simplified task of finding
interpolant for (x > 6 Ay > 6) and (y < 5). One such interpolant is y > 6.

Therefore, we have ¥3(v) = (y > 6), and we refine the set of predicates into P = {pc = €1, pc = {3, pc = l5,2 > 0,y >
5,2 > 5,y > 6} by adding ¢3(v) into P.

Therefore, we have refined P such that P = {pc = £1, pc = la,pc = {3,2 > 0,y > 5,2 > 5,y > 6}.

4. Check that post™ (post” (a(imit), p1), p2) = false when using the refined abstraction function.

a(@init) =(pc=0 Az >0)

post™ (a(Pinit), 1) =post?(pc =l Ax>0,pc=0 Apc’ =l ANx' =x+5ANy =y)
= post? (pc = o Az > 5) = (pc =l Az > 5)

post™ (post™ (a(Pinit); p1), P2) =post?(pc =lo ANz >5,pc=Ll Apc’ =l Nz’ =x+1Ay =2')

= post? (pc=l3 ANz >6ANy>6)=(pc=Ll3 Nz >5Ny>6)
post™ (post™ ((Qinit); P1), P2) A Perror = (pc =L3 A& =5 Ay > 6) A (pc =3 Ay < 5)
=(pc=lsNx>b5ANy>6Ay<5hH)

(pc =43 ANx>5ANy>6Ay<5) is unsatisfiable which implies that (pc =3 Az >5Ay > 6 Ay <5) | false.



Q2. Find an interpolant for z > 5Az>y+zand z<y+aAa <4

We compute the interpolant applying the algorithm:

Let o= (x>5Az>y+z)and ¥ = (z <y+aAa<4). After arranging and rewritting the formulas to only use the inequality
<, wegetd=(—z < -5Az+y—2<0)and ¥ = (—y+2z—a <0Aa < 4). We represent the formulas in matrix form as follows:

10 0 0)]y -5

(1 1 -1 0> P S<0> (for ¢)
a
x

0 -1 1 -1\ [y 0

(0 0 0 1> z S<4) (for ¥)
a

By using these matrices, we find a 1 x 4 matrix (A u) where A and p themselves are 1 x 2 matrices such that:

I
A>0Ap>0AN

1 0 0 0 .
11 -1 0 0

ROl IRl B G0N I
0 0 0 1 1

One solution can be (A ) = (1 11 1). We then compute the interpolant by applying A which is (1 1) on the coeficient matrix
of ¢. i.e.

Therefore, the interpolant we computed is:

ir<ip=(0 1 —1 0)

QN 8
IN
|
)
If
—
<
|
w
A
|
=



Mini-test 6 Given the program text:

Q1.

int x; void main(void) {
int £(int a) { int n, m;

int b; assume (x>=0) ;
fl: b = at+b; mi: n = f(x);
£2: if (a>=0) m2: m = f(-x);
£3: { f(a-1);} m3: assert(m==n);

else }

fa: { return b+x; }
£5: }

Give global variables of the program and the local variables of each procedure.

Globals: x, ret
Locals of f: a,b
Locals of main: m,n

Q2. Give a control flow graphs for each procedure.
local
call
local
loc
step step
Q3. For procedure f, give the transition relations step s, cally f, rety, and localy.
e stepy =

Q4.

(pcg=fint =a+brd =ana’=zApdy=f2)V
(@>0Apcg=fo NV =bAd =aNa' =z Apdy = f3)V
(a<O0Apcy=foANV =bAd =aNa’=xNpcdy = fi)

e cally s = (pcy = f3 /\pc’f =find=a-1)
o rety = (pcy = fa Aret' =ret) V (pcy = fa Aret’ =b+ x)

o localy = true

For procedure main, give the transition relations step,,,in, callmain,f, T€tmain, and localmain .

® StePmain =

/
main

(PCmain =msAm=nAm'=mAn' =nAz' =xApc = Msqfe) V
(PCmain =ms AmEnAm =mAn =nAz' =z Apcl,im = Merr)

o callymain,f = (PCmain = m1 Apcy = fr ANd =)V

(pcmain =mg Apcy = fi A a = —\ZL')

o rety = (PCmain = Ma A0 =ret) V (Pemain = m3z Am/ = ret)



e localy = (PCmain = M1 A PChyin = M2 Am/ =m)V

(PCmain = M2 A DCl i, = M3 A0/ =n)
Q5. We consider a call site where p calls q. Show rules that present changes to the summaries of p and ¢ respectively:

1. Summeraization inference rule for summ,

((97 Z:D)> (9/7 l;))) € summy, ((glv l;ﬂ lq)) ): Ca”p,q(VG7 ‘/;77 V:Z)
((9':1g), (9", 1)) € summg  (g",15,q") | retq(Va, Vg, V&) (4, 1)) | locy(Vy, Vi)

((9,1p), (", 1})) € summ,,

(Or as entailment)
summy (Ve Vo), (Vi Vi) A cally g (Vi Vi V) A summ (Vi Vo), (VL V) A
retg (Ve Ve, V") Nocp(Vy, V') = summy ((Va, V), (V& V)

) q’

2. Summeraization inference rule for summy

((9:1p), (9, 13)) € summy, — ((g',1,14)) | cally o (Va, Vi, Vy)
((9',1g), (g5 1g)) € summy

(Or as entailment)
summy((Va, Vp), (VG V) A cally o (Ve Vi, Vo)) 1= summg (Ve Va), (Ve Va))



Mini-test 7

Q1

Given a mutual exclusion algorithm for 2 threads:

initially turn€ {1,2} A Q1 = Q2 = false

// Thread 1: // Thread 2:

A: Q:=true; A: Qo:=true;

B: turn:=2; B: turn:=1;

C: await (~Qa Viturn=1); || C: await (—Q1 V turn = 2);
D: Qi := false;goto A; D: @2 := false;goto A;

1. Is mutual exclusion for locations D still satisfied? Why or why not?

Q2

I =

The strongest inductive invariant is:

I= (PClZA/\PCQZA/\_‘Ql/\_‘QQ)
(PCy =ANPCy=BA-Q1NQ2)
(PC1 =BAPCy;=BAQ1NQ2)
(PCy =DAPCy=ANQ1 A Q2 Aturn = 2)
(P01 :B/\POQZC/\Ql/\QQ/\tUTTL:1>
(P01 :D/\PCQZB/\Ql/\QQ/\tUTTZZZ)
(PC1 =CAPCy,=CAQ1NQ2 Nturn =2)
(PC1=DAPCy=CAQ1ANQyNturn =1)

V (PCy=BAPCy=ANQ1 NQ2)V

V (PCy =CAPCy=ANQ1 N—Q2 Aturn = 2)V
V (PCy=AANPCy=CA-Q1ANQ2 ANturn = 1)V
V (PCy =CAPCy=BAQ1NQ2 Aturn =2)V

V (PCy = AANPCy=DA=Q1 ANQa Aturn =1)V
V (PClZC/\PCQZC/\Ql/\QQ/\tUTTLZI)\/

V (PCy=BAPCy;=DAQ1NQaNturn =1)V

V (PCy =CAPCy=DAQ1 ANQ2 Aturn = 2)V

and, we can see that there is no any state that satisfies (PC; = D A PCy = D). To access location D simultaneously, both
(=Q2 Vturn = 1) and (=@ V turn = 2) must hold. But, we know that Q1 = Q)2 = true when both threads want to access
location D. Therefore, to access the location (turn = 1 A turn = 2) must hold, which can never be satisfied.

. Compute the number of states of the protocol.

|Tid|
(Hint: State = Shared x _1;[1 Local;).

There are three shared variables, @)1, @2 and turn, each with two possible values, and one local variable PC with four

possible values for each thread.
|States| = (2 x 2x 2) x4 x4=128

Given a mutual exclusion algorithm for 2 threads:

initially t=s=0;

// Thread 1: // Thread 2:
while(true){ while(true){
A: a=t; A: b=t;
ti=t+1; t:=t+1;
B: await <a=s>; B: await <b=s>;
C: //critical section C: //critical section
s:=s+1; s:=s+1;
} }
and, an inductive invariant:
(per =AApea=ANt=38)V (D1(v))
(per=AApca=BANt=s+1ANb=t—-1)V (D2 (v))
(per =AApea=CANt=s+1Ab=3s)V (D3(v))
(pcir=BApca=ANt=s+1ANa=t—-1)V (D4(v))
(pcr=BApca=BANt=s+2Na=t—1ANb=t—-2)V (Ds(v))
(pcr=BApca=BAt=s+2Na=t—2ANb=t—-1)V (Dg(v))
(pcs =BApea=CAt=s+2ANa=t—1Ab=3s)V (D7(v))
(pcy =CApca=BAt=s+2ANa=sAb=t—1)V (Dg(v))
(per=CApca=ANt=s+1Na=s) (Dg(v))

10



Prove the stability of I under the transitions:
(for the sake of reference, each disjunct of the invariant is given a name).

1. A — B of thread;

We first represent the transition formally as p(v,v') = (pc; = AApcy = BAd =t At/ =t+ 1AV =bApch, = pes), and
then apply post over the inductive invariant to check if the computed states are in the invariant or not. This transition is
appicable only on the disjuncts Dj(v), D2(v), and D3(v).

post(Dy, p) = post(pcy = AANpea = ANt =s,pc; = AApcy =BAd =t ANt/ =t+ 1AV =bApch = pes)
=(pci =BApca=ANt=s+1ANa=t—1)= Dy

post(Da, p) = post(pcy = AApca =BAt=s+1Ab=t—1,pc;=AApdy =BAd =tAt' =t+ 1AV =bApch = pcs)
=(pcy =BApea=BAt=s+2Na=t—1ANb=t—-2) = D5

post(Ds, p) = post(pcy = AApea =CAt=s+1ANb=s,pcy =AApci =BAd =tANt' =t+ 1AV =bApch=pcs)
=(pcy =BApca=CAt=s+2ANa=t—1Ab=3s) = Dy

We can see that application of this transition results in the states that are already in the inductive invariant. Therefore,
the invariant [ is stable under the transition.

2. C — A of threads

The transition is represented formally as p(v,v') = (pca = C Apch = ANS =s+1Apc) =pey Ad =a A =Db), and it is
applicable on the disjuncts D3(v), and D7 (v).

post(Ds,p) =post(pcy = AApca =CAt=s+1ANb=s,pco=CApch=ANs =s+1Apc)=pci Aa’ =aAb =D)
=(pcy =AApea=ANt=sANb=s—1) | Dy

post(Dz,p) =post(pcy = BApca =CAt=s+2Na=t—1Ab=s,pca=CApch=ANs =s+1Apc| =pciA
a=anb =b)
=(pcy =BApca=ANt=s+1Na=t—1Ab=s—1)F D,

Here also the transition results in the states that are already in the invariant I. Therefore, the invariant I is stable under
this transition as well.

11



Mini-test 8

In all the exercises, if you use abbreviations, define them upfront. The symbol B3 denotes the powerset.

Q1. Consider the two-threaded program given by the following code:

initially x=0

// Thread 1: // Thread 2:
A: ( await x=0; x:=1) || A: ( await x=0; =x:=2 )
B: B:

Q1.1. Give a suitable formal representation of the above program.

Tid = {1,2} 7
Shared =  ({z} — {0,1,2}) )
Local; =  ({pc1} — {4, B}) ’
Localy =  ({pc2} — {4, B}) ’

=1 = {(([z = 0], [pex = A]), ([z = 1], [per = B]))} ;

—2 = {(([x = 0], [pcz = A]), ([z — 2], [pc2 = B]))} ;

init = {([z 0], [per = A], [pez — A])}

Q1.2. Prove mutual exclusion for locations B (i.e., in any reachable state the threads cannot simultaneously have control
flow location B) by thread-modular verification. For your reference, the thread-modular inference rules are

t € Tid 1) € init t € Tid ) ER ) = (g
(INTT) i (9,1) € ini (STEP) i / /(g ) € Ry (‘f] ) = (g'51")
(9:1:) € Ry (¢, I"Ye Ry  (g9,9") € Gy
t € Tid ) ER t e Tid \ {t .J) €G;
(ENV) i (9,1) € Ry id\{t} (9.9 € G;

(9/7 l) € Rt

and the multithreaded Cartesian concretization is
Yme : |] P(Shared x Local;) — State,

e Yme((St)teTia) = {(g,1) € State |Vt € Tid: (g,1:) € St} .
Ry = {([x — 0L[paa — A]),([x — 1],[pax — Ry = {([x — O0l[pca — A]),([x — 2],[pca —
B]), ([z = 2], [pcr — A])} * B]), ([z = 1], [pe2 — A])} ’
G1 = {([z— 0], [z — 1))} ;o Ga={([z— 0], [z —2])} :

Reach?™ = v ((Ry)ietia) = {([z — 0], [per — A], [pea — A)), ([z — 1], [per — BY, [pea — A)), ([ — 2], [pe1 — A], [pea — B))}
It can be seen that there is no reachable state where both threads are at location B.
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Q2. Consider an arbitrary multithreaded program. Let State be the set of states of the program and — be its transition
relation. Let post be the successor operator

post : P(State) — P(State),
post(Q) ={q¢'[FqeQ:q—=q'}.
Let f: PB(State) — P(State), f(Q) = init U post(Q).

Q2.1. Show that f is monotone with respect to inclusion.
Formally, show that that for all @, Q" € B(State) we have Q C Q' = f(Q) C f(Q’).

Let @ C Q. We will show that f(Q) is a subset of f(Q'). Let ¢’ € f(Q). If ¢’ € init, then ¢’ € f(Q'). Otherwise, ¢’ € post(Q),
so there is g € @ such that ¢ — ¢’. Then, q € Q'. ¢ € post(Q’) C f(Q").

Q2.2. Does f have a fixpoint? Formally, is there @ € B (State) such that f(Q) = Q7

Yes, since monotone maps on a complete lattice always have fixpoints. And, ((State), C) is a complete lattice.

13



Mini-test 9

In all the exercises, if you use abbreviations, define them upfront. “x denotes arithmetic negation.

Q1 Given a typing environment T := {abs := int — int}, infer the type using the inference rules in the handout (construct

the tree):
let val x = "3 in abs x end
T |-~ : int -> int T |-3:int T, {x : int} |- abs : int -> int T, {x : int} |- x : int
TI[>val x="~3: T, {x int} T, {x int} |- abs x int
T |- let val x = "3 in abs x end : int

Q2 Which sequence of typing environments is obtained by typing the following declarations starting with the empty typing
environment:

(a) val b = true

{b : bool}

(b) val x = let fun square x = x*x in square 5 end

{b: bool, x : int}

Q3 Which sequence of value environments is obtained by evaluating the following declarations starting with the empty value
environment:

(a) val y = 3

[y :=3]
(b) fun max x = if x > y then true else false

[y := 3, max := (fun max x = if x > y then true else false, [y := 3])]
(c) val y = max y

[y := false, max := (fun max x = if x > y then true else false, [y := 3])]
(d) fun fact y = if y < 1 then 1 else yxfact(y - 1)

[y := false, max := (fun max x = if x > y then true else false, [y := 3]), fact = (fun fact y = if y < 1 then 1 else
y*fact(y - 1), [1)]
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Q4 Formalize as a refinement type:

f is a function that takes as input a positive integer x and returns an integer that is greater than or equals the value of x,
but is smaller than the value of identifier y.

frio(z:A{vintlo > 0}— > {v:intlp >z Av <y})

Q5 Given a value environment V := [y := 10], evaluate using the inference rules in the handout (construct the tree):

let val z = y*y in if z>y then true else false end

Vv, [z:=100] |= z :100 Vv, [z :=100] =y : 10
Visy:i0 viey:to V, [z :=100] 1=z >y : true  V, [z :=100] |= true : true
V> valz=yey sV, [z :=100] ¥, [z :=100] |= if 2>y then true else false : true
V 1= let val z = yoy in if 2>y then true else false end : true
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