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Exercise 7.1. Let the formulas p;, ..., p3, ¢ be given. Prove or refute the
following proposition.

I . 3J . (post(p1, @) = I) A (post(pz, I) = J) A (post(ps, J) = L)

I . post(p1,¢) = I A post(ps, post(p2, 1)) = L

Exercise 7.2. Let the predicates pi(v, v'), p2(v, v'), I(v) be given. Prove
the following proposition.

I . (post(pr(v, '), (v)) = I(v)) A (post(p2(v, V'), I(v)) = L)

r. (Vo Yo" L pr (V7 v ) Ae(") = T(wF)) A (Vv Vo* L pe (v, v)AT(vF) — L)

Exercise 7.3. An interpolant I of formulas A and B is a formula such that:
1. ANBE L,
2. AEI,
3. INB[E L, and
4. Symb(I) C Symb(A) N Symb(B),
where Symb(y) := {variables occurring in ¢}. Prove the following proposition.
I(v*) is an interpolant of p1(v”, v*) A @(v"”) and pa(v*, v)

if and only if

(post(p1(v, V'), ¢(v)) = I(v)) A (post(pa(v, V'), 1(v)) |= 1)



Exercise 7.4. Consider program P from exercise 2.6. Consider the following
proposition.

(post(p1, pe = 1) = I) A (post(ps, I) = J) A (post(ps, J) = L) (1)

Use the proposition you proved in exercise 7.3 to give formulas I and J that
satisfy (1). Give I first, then give J.

Exercise 7.5. Consider program P from exercise 2.6. and the set Preds :=
pc = 1;. Execute PredAbstrRefine (see blackboard notes from class 7) on P,
replace Preds for the empty set in line 1. Hints:

1. Instead of executing the call to PredAbst in line 3, draw the reachability
tree corresponding to the call.

2. Use the proposition you proved in exercise 7.3.

Exercise 7.6. Let p:= (p1(vg, v1)©0...0 pp(vp_1, vs)). Prove the following
proposition.

Jo(vo) - (@init(vo) = do(vo)) A
(post (p(vo, vn); ¢0(v0)) A Perror(vn) = L)

Jpo(vo) - (Vvo - Pinit(vo) — ¢o(vo)) A
(V’Un . Yug . (p(vo, Un) A @e'rror(vn) A ¢0(UO) - J—))

Exercise 7.7. Let Interp(A, B) be the interpolant of A and B. Let p :=
(p1(vo, v1)o...0pp(Vn_1, v,)). Let
@0 = Interp (%m‘t(vo), pA @error(vn)) (2)

Prove that ¢q satisfies the following proposition.
((pinit (UO) ': ¢O(U0)) A (pOSt (P(U07 Un)a ¢0(v0)) A @ermr(vn) ’: J—)

Exercise 7.8. Let p:= (p;11(vi, vir1)o...0pp(vn—1, v,)). Prove the following
proposition.

3¢i(vi) . (post(pi(vi—1, vi), di—1(vi—1)) F ¢i(vi)) A
(post (p(vi, vn), Gi(vi)) A Perror(vn) F L)

Api(vi) . (Yui . Yui—1 . pi(vic1, Vi) A ¢i1(vie1) — ¢i(vi)) A
(Yon, . Yvi . (p(vis V) A Perror(vn) A ¢i(vi) — L))



Exercise 7.9. Let Interp(A, B) be the interpolant of A and B. Let p :=
(pi+1(vi, vig1) 0. 0 pn(Vn-1, vn)). Let

¢i = Interp (pi(vi—1, vi) N di—1(vi—1), p(vi, Vn) A Qerror(Vn)) (3)

Prove that ¢; satisfies the following proposition.
(pOSt(Pi(Uifla Ui)a ¢i71(vi71)) ': (bz(vz)) /\(pOSt (P(Uz‘7 Un)7 (bz(vz)) A (perror(vn> ': J—)

Exercise 7.10. Consider the following propositions.

Symb(I) C Symb(A) N Symb(B A C) (4)
Symb(J) C Symb(A A B) N Symb(C) (5)

Symb(I) C Symb(A) (6)
Symb(J) C Symb(I A B) N Symb(C) (7)

Refute that propositions (4) and (5) imply (6) and (7).
Exercise 7.11. Consider propositions (4), (5), (6), (7) from exercise 7.10.
Consider the following proposition.

INBEJ (8)
Prove that propositions (4), (5), and (8) imply (6) and (7).

Exercise 7.12. Consider the following code fragment

x =1;
assert(x = 1);

Consider the program P corresponding to the fragment, where

—_

- Pinit = (pc=1)
2. Qerror = (pc = 4)
3.pp=(pc=1Apd =2N2" =1)
4. po=(pc=2Apd =3 ANz =1A2"=1)
5. ps=(pc=2Apd =4Nx#1Nz' =x)
Do the following.
1. Draw the abstract reachability tree of P using Preds = | J;c, 4{pc = i}.
2. Show that the possible counterexample path is spurious.

3. Use definitions (2) and (3) to find new predicates ¢g, ¢1, ¢2 that refine
the set Preds.

4. Draw the abstract reachability tree of P using Preds’ = Preds U {¢o, ¢1, ¢2}-



