Exercise 7.3 First-Order-Resolution

Given is the following formula already presented in exercise 6.4:

Yy.Q(f(a), fly)) AVzy.(Qly, fly)) = P(f(z),gly,b))) = 3zyz.(P(z,y) A P(f(a),g(z,b)) AQ(z,2))
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Exercise 8.1 Resolution restrictions

Resolution w.r.t. a set of support: Let F be a formula in clause form. A subset T of F is called a set of support (sos) for
F it F\ T is satisfiable. Given a sos T of F, a sos-deduction of the empty clause from (F,T) is any deduction of the empty
clanse from F where never two clauses from F '\ T are resolved.

The idea is that as F'\ T is satisfiable, we can only deduce the empty clanse by using at least one clause which is directly
or indirectly obtained from the sos T via resolution (*T supports the deduction of the empty clause.” ). The sos-restriction
therefore allows us to guide the resolution such that it does not “get stuck™ within the resolvents of F'\ T.

(a) Formally prove that sos-resolution is complete.

Linear resolution: one of the two clauses must be the resolvent
produced in the previous step (no restriction for the first step).
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Linear resolution: one of the two clauses must be the resolvent
produced in the previous step (no restriction for the first step).

Theorem: Linear resolution is complete.

Proof: Let F' be unsatisfiable.
F= {A} {A B, C} {-A-B.-C} {-A,B} {-B,C}
Let F' C F be a minimal unsatisfiable subset ( )
F'= {A} {=A,-B.,-C} {-A,B} {-B.C}

We show: for clause C' of F' there is a linear derivation of the
empty clause starting with C\ C
&
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(b) Consider the following directed graph:

h—
a

We can represent the transitive closure of the graph as the following “knowledge base” H in clause form where a, b, ¢, d

are constants, and X, Y, Z are variables | iﬂ;".ulicit]:r universally quantified):

B e

) {E(c,a)}} U {-T(X,Y),~T(Y, Z), T(X, Z)}, [~E(X,Y),T(X,Y)}}.

H = {{E(a.b)},{E(b,c)}, {E(c,d)}, {E(d,
"——gf

Use sos-resolution to show that a is transitively reachable from d.
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Exercise 8.2

(a) On the webpage, yvon can find the otter-input files for the examples “ape” and “towers of hanoi” discussed in the
lecture.

Iry to extend the “ape” example analogously to the “towers of hanoi” example such that otter tells you how the ape
can reach the banana. See also the remarks in the “ape” input file.
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(b) A farmer accompanied by a large radish, a sheep, and a dog needs to cross a river. Unfortunately, he only has a raft
which can accommodate at most two of the four objects mentioned (recall, it’s a large radish). To state the obvious,
only the farmer can steer the raft. The problem, of course, is that the dog is quite hungry and would love to eat the
sheep, while the sheep is more than willing to feast on the radish. Thus, he needs to find a way to cross the river in
such a way that at no point of time the dog is left alone with the sheep, and analogously for the sheep and the radish.

Analogously to the “ape” example, use otter to find a sequence of commands to guide the farmer and his belongings
safely across the river.
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(c) Otter is accompanied by mace, a tool which enumerates all finites structures for a given formula until a model (or
counterexample) is found.

Try to use mace in order to find a solution to the problem described in (b).
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Exercise 8.3

Express the join B; %;=; R (as defined in the slides) by means of selection ¢ and projection .

opx)(R) = R( YABx') mikx! €%

Ty (R) = dx? Blx] mibx' Cxall—acix’
(RiURy) = Rl(:{) V Ry(x)

(R1— Ry) = Ri(x)A-Ry(x)

(R1 x R2) = Ri(x)A Raly )
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