Presburger Arithmetic



 Which arithmetical problems can be solved
using automata?

* Presburger arithmetic (PA): a logical language to

define arithmetical properties of (tuples of)
natural numbers



s there an integer solution?



s there an integer solution?

2x +3y =5
—x +4y <3



Are there Integers x, y such that

3x —4y =5
—x+y =23

but not

2x +3y =2
—x+4y <4 7



For every integer solution x, y of
2x +3y =5
—x +4y <3

IS there Is an integer solution z, u of

3z —2u = 3
—z+4u < -2

suchthat x +z = y+u ?



Syntax of PA

e Symbols:
Variables X, V,Z...
Constants 0,1
Arithmetical symbols +, <
Logical symbols V, 4, 3 (A Y, —,00)
Parenthesis (,)
e Jerms:;

Variables, O and 1 are terms.
If ¢t and u are terms, then t + u IS aterm.



Syntax of PA

Atomic formulas:

t < u,where t and u are terms

Formulas:

Atomic formulas are formulas.

If ¢, p, are formulas, then so are ¢,V¢,, 7@, Ix@,
Free and bound variables:

A variable is bound if it is in the scope of an existential
guatifier, otherwise it is free.

Sentences: formulas without free variables.



Abbreviations

 Logical abbrevations:

Q1 APy =(0@Ve;)
P12 P2 = PV,
91 © @2 = H(P1VP2) V = (—p1V = @)
Vo =—-3dx @
o Arithmetic abbreviations:
V' <t
<t At>"1

t<tAN=(t=1)
' <t

n = l1l+1+...+1 t>1t

. — /
n times =1

nx = X+x+...+x  f<yf

—

n times > t’



Semantics (Intuition)

 The semantics of a sentence Is true or false.

* The semantics of a formula with free variables
(x4, ..., X) IS the set containing all tuples
(nq, ..., ng) of natural numbers that “’satisfy the
formula”



Semantics (more formally)

« An interpretation of a formula ¢ Is a function 7
that assigns a natural number to every free

variable appearing in ¢ (and perhaps also to
others).

e Glven an interpretation J, a variable x, and a
number n, we denote by J[n/x] the
Interpretation that assigns to x the number n,
and to all other variables the same value as 7.



Semantics (more formally)

* We inductively define when an interpretation J
satisfies a formula ¢, denoted by 7 = ¢

=t < u iff  J(t) < J(u)

=g ff T g

=1 Ve it JEg@rord E e

= dx o iff  there exists n > 0 such that J[n/x] E ¢
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Semantics (more formally)

Lemma: If two interpretations of a formula ¢ assign the
same values to all free variables of ¢, then either both
satisfy ¢ or none satisfy ¢.

Corollary: If ¢ Is a sentence, either all interpretations
satisfy ¢, or none satisfy ¢.

A sentence is true If it is satisfied by all interpretations,
and false If it Is not satisfied by any interpretation.

A model or solution of ¢ Is the projection of an
Interpretation that satisfies ¢ onto the free variables of
@. The set of solutions or solution space is denoted by

Sol(p).



Formulating questions

Are there integers x, y such that
2x +3y =5

—x+4y <3 ?

dx3dy (2x+3y =25 A —x+4y < 3)



Formulating questions

For every solution x, y of

2x +3y =5 vAvYy
(2x+3y =25 AN —x+4y <3)
—x +4y <3 -
is there is a solution z, uof (F23u

3, — 2y > 3 (3z —2u =23 A

—z +4u < -2 A
—z+4u < -2
x+z=y+u ))
suchthat x +z = y+u?



Language of a formula

* We encode natural numbers with the [sbf
encoding.

 If ¢ has free variables x4, ..., x; , we encode a
solution of ¢ as a word over {0,1}* in the usual
way. E.g, the encoding of (x4, x5, x3) = (5,10,0) is

x1  [1][0][1]]O
X2 O[11]10}]1
X3 O[10(10(]0

* The language of ¢, denoted by L(¢), Is the set of
encodings of the solutions of ¢.




An NFA for the solution space

« Given ¢, we construct an NFA A, such that L(4,, ) = L(¢)
« We can take:

A—g := CompNFA(4,,)
A, Ve,) = UnionNFA(A, ,A,,)
Asxq ;= Projection_x(4,)

where Projection x projects onto all variables but x
* It remains to construct A, for an atomic formula ¢.



DFA for atomic formulas

« Every atomic formula has the same solutions as
a formula of the form
ax;+ ...+a,x, <b =a-x<b

where the a; and b are arbitrary integers
(possibly negative).

e Glvena - x < b we construct a DFA with
Integers as states and b as initial state satisfying:

Each state g € Z recognizes the
tuples c € N" suchthata:-c < q



Transitions

Given g € Z and a letter ¢ € {0,1}" we compute the
target state q' € Z of the transition (g, ¢, q").

For every word w € ({0,1}™)" we have:
w is accepted from q' iff {w is accepted from g
and so for every tuple c € N™:
c is accepted from g’ iff 2c¢ + { is accepted from g
Hence we choose g’ so that
a-c<q Iff a-(2c+{)<gq
Since a-(2c+{) <qiff 2(a-c)+a-{ < qwetake

q’=E(q—a-€)‘



Final states

A state is final iff it accepts the empty word
 Soq € Z isfinal iff it accepts (O,...,0) € N"
e Sowetakeqg € Zfinaliffa-(0,..,0) <qgiffg =0



AFtoDFA(y)
Input: Atomic formulag =a-x <b
Output: DFA A, = (0, X, 0, qo. F') such that L(A,) = L(¢)
Q.0,F « 0; gy « sp
W « {.S‘b}
while W # () do
pick sy from W
add s, to O
if K > 0 then add s; to F
for all £ € {0, 1}" do

1
j(— [E(/\—CIZ)J
9 if s; ¢ O then add s; to W
10 add (s¢. . sj) too

~N N D B WY -

o0



Example: 3x — 2y =6
Conversion: —3x+2y < -6

a=(3). b=-6
Initial state: —6

Transition from state -6 with letter [ﬂ :

q’=E(q—a-€)‘

1 1 1
q’=[§(—6—(—3,2)-(1>)]:E(—6+1)‘:—3



Example: 2x —y < 2




Example: x +y =>4
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Termination of AFtoDFA

e Lemma: Let ¢ =a-c<qgand s = ), |a;l
All states s; added by AFtoDFA(y) satisty

Proof:

—|b| —s<j<|b|l+s
Holds for the first state added: s,

Assume s; Is added to the workset when processing s,.

By ind

.hyp.: —|b| —s <k < |b| +s.

Together with j = E (k—a- {)‘ we get

—bl=s5s—-a-¢ _ bl +s—a-C
1P r (
> ‘ 73

—




—bl-s—a-¢ . |bl+s—a-¢
G
2 2

Some arithmetic yields

s < — |b| = 2s " —|b|—s—a-_(J
2 2
bl+s—a- b| + 2s -
[|7|+s2 a (J . |7|-12- S < |bl+s

and together we get

—|bl—s< j<|bl+ 5



Solving a system of Inequations

« \WWe compute all solutions of

2x —y <2
x+y=>2

s.t. x, y are multiples of 4. They are the solutions of

(Azx=4z) NAwy=4wW)ACx -y <2)AN(x+y =4)



e DFAfor (3zx =4z) AN (Fwy = 4w)

g o O Bl
ok




e Final result




