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Exercise 7.1

Let val : t0, 1u˚ Ñ N be the function that associates to every word w P t0, 1u˚ the number valpwq represented
by w in the least significant bit first encoding.

(a) Give a transducer that doubles numbers, i.e. a transducer accepting

L1 “ trx, ys P pt0, 1u ˆ t0, 1uq˚ | valpyq “ 2 ¨ valpxqu .

(b) Give an algorithm that takes k P N as input, and that produces a transducer Ak accepting

Lk “


rx, ys P pt0, 1u ˆ t0, 1uq˚ | valpyq “ 2k ¨ valpxq
(

.

[Hint: use (a) and consider operations seen in class.]

(c) Give a transducer for the addition of two numbers, i.e. a transducer accepting

trx, y, zs P pt0, 1u ˆ t0, 1u ˆ t0, 1uq˚ | valpzq “ valpxq ` valpyqu .

(d) For every k P Ną0, let

Xk “ trx, ys P pt0, 1u ˆ t0, 1uq˚ | valpyq “ k ¨ valpxqu .

Sketch an algorithm that takes as input transducers A and B, accepting respectively Xa and Xb for some
a, b P Ną0, and that produces a transducer C accepting Xa`b. [Hint: use (b) and (c).]

Let k P Ną0. Using (b) and this, how can you build a transducer accepting Xk?

(e) For every a1, a2, . . . an P Ną0, let

Xřn
i“1 aixi

“

#

rx1, x2, . . . , xn, ys P

˜

n`1
ą

i“1

t0, 1u

¸˚

| valpyq “
n

ÿ

i“1

ai ¨ valpxiq

+

Sketch an algorithm to build a transducer for a given set of constants ta1, . . . , anu. Give also an upper
bound on the number of states of the transducer.

(f) Show that the following language has infinitely many residuals, and hence that it is not regular:


rx, ys P pt0, 1u ˆ t0, 1uq˚ | valpyq “ valpxq2
(

.

Exercise 7.2

Consider transducers whose transitions are labeled by elements of pΣ Y tεuq ˆ pΣ˚ Y tεuq. Intuitively, each
transition reads one or zero letter and writes a word of arbitrary length. Such a transducer can be used to
perform operations on strings, e.g. upon reading singing in the rain it could write Singing In The Rain.

Sketch such ε-transducers for the following operations, each of which is informally defined by means of three
examples. For each example, when the transducer reads the string on the left, it should write the string on the
right. You may assume that the alphabet Σ consists of ta, b, . . . , z, A,B, . . . , Zu, a whitespace symbol, and an
end-of-line symbol. Moreover, you may assume that every string ends with an end-of-line symbol and contains
no other occurrence of the end-of-line symbol.



(a)

Input Output
European Research Council ERC

Technical University of Munich TUM

FC Bayern FCB

(b)

Input Output
Finite automata rule Finite automata rule

Transducers are fun Transducers are fun

regular expressions are the best regular expressions are the best

(c) For this exercise, Σ is extended with t, , .u.

Input Output
Ada Lovelace Lovelace, A.

Alan Turing Turing, A.

Donald Knuth Knuth, D.

(d) For this exercise, Σ is extended with t0, 1, . . . , 9, p, q,`u. We want to transform phone-numbers into a
normal form, where they are prefixed with a country code.

Input Output
004989273452 +49 89 273452

(00)4989273452 +49 89 273452

273452 +49 89 273452

2 7 3 4 5 2 +49 89 273452

498949 +49 89 498949

+49 89 498949 +49 89 498949



Solution 7.1

(a) Let rx1x2 ¨ ¨ ¨xn, y1y2 ¨ ¨ ¨ yns P pt0, 1u ˆ t0, 1uqn where n ě 2. Multiplying a binary number by two shifts
its bits and adds a zero. For example, the word

„

10110
01011

ȷ

belongs to the language since it encodes r13, 26s. Thus, we have valpyq “ 2 ¨ valpxq if and only if y1 “ 0,
xn “ 0, and yi “ xi´1 for every 1 ă i ď n. From this observation, we construct a transducer that

• tests whether the first bit of y is 0,

• tests whether y is consistent with x, by keeping the last bit of x in memory,

• accepts rx, ys if the last bit of x is 0.

Note that words rε, εs and r0, 0s both encode the numerical values r0, 0s. Therefore, they should also be
accepted since 2 ¨ 0 “ 0. We obtain the following transducer:

0

1

„

0
0

ȷ

„

1
0

ȷ

„

0
0

ȷ

„

1
0

ȷ„

0
1

ȷ

„

1
1

ȷ

‹ As seen in class, the initial state can be merged with state 0 as they have the same outgoing transitions.

(b) We construct A0 as the following transducer accepting trx, ys P pt0, 1u ˆ t0, 1uq˚ : y “ xu:

„

0
0

ȷ

,

„

1
1

ȷ

Let A1 be the transducer obtained in (a). For every k ą 1, we define Ak “ JoinpAk´1, A2q. A simple
inductions show that LpAkq “ Lk for every k P N.

(c) We construct a transducer that computes the addition by keeping the current carry bit. Consider some
tuple rx, y, zs P t0, 1u3 and a carry bit r. Adding x, y and r leads to the bit

z “ px ` y ` rq mod 2. (1)

Moreover, it yields a new carry bit r1 such that r1 “ 1 if x`y`r ą 1 and r1 “ 0 otherwise. The folllowing
table identifies the new carry bit r1 of the tuples that satisfy (1):

»

–

0
0
0

fi

fl

»

–

0
0
1

fi

fl

»

–

0
1
0

fi

fl

»

–

0
1
1

fi

fl

»

–

1
0
0

fi

fl

»

–

1
0
1

fi

fl

»

–

1
1
0

fi

fl

»

–

1
1
1

fi

fl

r “ 0 0 x x 0 x 0 1 x
r “ 1 x 0 1 x 1 x x 1



We construct our transducer from the above table:

q0

q1

»

–

1
1
0

fi

fl

»

–

0
0
1

fi

fl

»

–

0
0
0

fi

fl ,

»

–

0
1
1

fi

fl ,

»

–

1
0
1

fi

fl

»

–

0
1
0

fi

fl ,

»

–

1
0
0

fi

fl ,

»

–

1
1
1

fi

fl

(d) We construct a transducer C that, intuitively, feeds its input to both A and B, and then feed the respective
outputs of A and B to a transducer performing addition. More formally, let A “ pQA, t0, 1u, δA, q0A, FAq,
B “ pQB , t0, 1u, δB , q0B , FBq, and letD “ pQD, t0, 1u, δD, q0D, FDq be the transducer for addition obtained
in (c). We define C as C “ pQC , t0, 1u, δC , q0C , FCq where

• QC “ QA ˆ QB ˆ QD,

• q0C “ pq0A, q0B , q0Dq,

• FC “ FA ˆ FB ˆ FD,

and

δCppp, p1, p2q, rx, zsq “ tpq, q1, q2q : Dy, y1 P t0, 1u s.t. p
rx,ys

ÝÝÝÑA q, p1 rx,y1s
ÝÝÝÑB q1 and p2 ry,y1,zs

ÝÝÝÝÑD q2u.

(e) Let ℓ “ rlog2pkqs. There exist c0, c1, . . . , cℓ P t0, 1u such that k “ c0 ¨ 20 ` c1 ¨ 21 ` ¨ ¨ ¨ ` cℓ ¨ 2ℓ. Let
I “ t0 ď i ď ℓ : ci “ 1u. Note that k “

ř

iPI 2
i. Therefore, we may use transducer Ai from (b) for each

i P I, and combine these transducers using (d).

(f) For every n P Ną0, let

un “

„

0n1
0n0

ȷ

and vn “

„

0n´10
0n´11

ȷ

.

Let i, j P Ną0 be such that i ‰ j. We claim that Lui ‰ Luj . We have

uivi “

„

0i10i

02i1

ȷ

and ujvi “

„

0j10i

0i`j1

ȷ

.

Therefore, uivi encodes r2i, 22is, and uivj encodes r2j , 2i`js. We observe that uivi belongs to the language
since 22i “ p2iq2. However, ujvi does not belong to the language since 2i`j ‰ 22j “ p2jq2.

Solution 7.2

(a)

rA,As, rB,Bs, . . . , rZ,Zs

ra, εs, rb, εs, . . . , rz, εs, r , εs

rEOL, EOLs



(b)

rA,As, rB,Bs, . . . , rZ,Zs,
ra, as, rb, bs, . . . , rz, zs

r , s

rA,As, rB,Bs, . . . , rZ,Zs,
ra, as, rb, bs, . . . , rz, zs

r , εs

rEOL, EOLs rEOL, EOLs

(c)

Z. . .A a . . . z

rA,As

rε, As

rZ,Zs

rε, Zs ra,As

rε, As

rz, Zs

rε, Zs

r , s

rEOL, EOLs

‹ As seen in class, we can construct a simpler transducer using the fact that we are allowed to write
words:

rA,AAs, . . . , rZ,ZZs
ra,AAs, . . . , rz, ZZs

r , s

rEOL, EOLs



(d)

...

A

Z

A1

...

Z 1

rA, εs

rZ, εs

ra, εs, rb, εs, . . . , rz, εs

ra, εs, rb, εs, . . . , rz, εs

r , εs

r , εs

rA,As, rB,Bs, . . . , rZ,Zs
ra, as, rb, bs, . . . , rz, zs

rA,As, rB,Bs, . . . , rZ,Zs
ra, as, rb, bs, . . . , rz, zs

rEOL, , A.EOLs

rEOL, , Z.EOLs

(e)

r(, εs r0, εs r0, εs

r), εs

r0, εs
r0, εs r4, +4s r9, 9 s r8, 8s r9, 9 s

r0, 0s, r1, 1s, . . . , r9, 9s

rEOL, EOLs

r1, +49 89 1s, . . . , r9, +49 89 9s


