Technische Universitat Miinchen Winter term 2016/17
I7

Prof. J. Esparza / Dr. M. Blondin 29.01.2017

Automata and Formal Languages — Homework 13

Due 03.02.2017

Exercise 13.1
Show that

(a) X =X-p
(d) XFp =FXep
(b) “Fp=G—p
(e) XGyp =GXp
(c) "Gp=F-¢p
Exercise 13.2
Let AP = {p,q,r}. Give formulas that hold for the computations satisfying the following properties:

(a) p is false before ¢
(b
(c

(d) only p is true at even positions and only ¢ is true at odd positions.

p becomes true before g
p is true between ¢ and r

)
)
)
)

Exercise 13.3

Prove or disprove the following distributivity properties:

(a) X(p V) =XpV Xy

(h) GF(¢V¢) =GFoV GFy
(b) X(pAY) =Xp AX _

(i) GF(p AYp) = GFo A GFY
(c) X(p Uy) = (Xe) U (Xe) _

(G) pU(pVY)=(pUp)V(pUy)
(d) F(e V) =FpVFy

k) (V) Up=(pUp)V (¢ Up)
(e) FloAY) =FpAFy

D pU(eA)=(Up)A(pUY)
(f) G(pVY)=GpV Gy

(m) (¢AY)Up=(eUp) AU p)
(8) G(pNY)=GpAGY

Exercise 13.4

Let AP = {p,q} and let ¥ = 24P An LTL formula is a tautology if it is satisfied by all computations. Which
of the following LTL formulas are tautologies?

. (e) (Gp—Fq)« (pU (-pVa))
(b) G(p = q) = (Gp — Gq)
) (f) =(pU q) < (-p U —q)
)

FGpVFG—p
(g) G(p = Xp) = (p — Gp)
-Fp — F-Fp



Exercise 13.5
Let AP = {p,q} and let ¥ = 24P, Give LTL formulas for the following w-languages:

a) {p,q}0x¥

(a)
(b) =" {q}*

(c) = ({p} +{p,q}) E* {a} =¥
(d) {p}*{q}~ 0~

Exercise 13.6

Let AP = {p,q} and let ¥ = 24P, Give Biichi automata for the w-languages over ¥ defined by the following
LTL formulas:

(a) XG-p

(b) (GFp) — (Fq)
p A —~(XFp)
GpU(p—9q)

)
)
(c)
(d)

)

(e) Fg— (=q U (=g Ap))



Solution 13.1
(a)
ocE-Xp <= o} Xy
— o'ty
= oy
= o = X-p.

o -Fp < —(0c EFy)

~(Fk > 00" =)
Vk >0 -(0" = ¢)
Yk > 00" = -p
G—op.

1ree

(0 | Gy)

~(Vk >0 0" = )
3 > 00" = )
Jk>00" -y
F-o.

oGy

rreee

o= XFp < o' EFp
— Fk>0st. (D Eo
= FI>0st. (") Eg
— Jk>0st. oF EXp
— o =FXep.

0= XGyp <= o' =Gy
—= VE>0 ()=
— VkZO(O'k)l':Lp
— VE>00" = Xp
— o = GXo.

Solution 13.2
(a) Fg— (-pUgq)

(b) Fg— (—q U (=g A p))
(c)
(d)

(gAFr) = X(pUr))

G
G(-r) ANG(p + —~q) ApAG(p = Xq) AG(q — Xp)



Solution 13.3
(a-b) Both (a) and (b) hold. Let o € {V,A}. We have

o EX(poy) <= o' [ (por)

= (0 Fypo(d EFY)
= o =Xp o g X1

(¢) True, since:
TEX(pUy) <= o' E(pUy)
— Fk>0st. () EpandV0<i<k (o') Ev
— FE>0st. (") EpandV0<i<k (6) Ev
= Jk>0s.t. o = Xpand o' |= X for every 0 <i < k
= o= (Xp) U (Xy).
(d) True, since:
o EF(pVy) <= Fk>0st. 0" E (p V)

— FEk>0st. (" =) V(" =)

— (F>0st 0" =)V (Fk>0st. oF =)

<~ o FpVFi.
(e) False. Let 0 = {p}{q}0¥. We have 0 =Fp AFq and o = F(p A ).
(f) False. Let o = ({p}{q})*. We have 0 = G(pV ¢q) and o [~ Gp V Ggq.

(g) True, since:

g GpAY) <= Yk200" E (9 AY)
= VE20 (" Ep) A" Ey)
— Vk>00" =) A(VE>00" =)
= o= Gp NG

(h) True. If 0 = GFp vV GF, then 0 = GF(¢ V ¢). If 0 = GF(p V %), then there exist ig < i3 < --- such
that

o' |= @ V1 for every j € N. (1)

Let [={jeN:0% Ep}and J={j € N:o% = ¢}. If I and J are both finite, then (1) does not hold,
which is a contradiction. Therefore, at least one of I and J is infinite. This implies that ¢ | GF¢V GF.

(i) False. Let o = ({p}{q})*. We have o = GF(p A q) and 0 = GFp A GFq.
(j) True, since:
ocEpU (pVeY) <= Fk>0st. o = (pVy)andV0O<i<ko' Ep
— Fk>0st. (" E@) V(" EY)andVO<i<ko' |=p
— Fk>0st. (" EpandV0<i<ko' =p)V(cF = and VO <i <k o' = p)

— Fk>0st. o"FpandV0<i<ko' Ep)V(IE>0st. of Eepand VO <i <k o' = p)
= o= (U V(pUp).

(k) False. Let o = {p}{q}{r}0“. We have c = (pVq) Urando £ (pUr)V (¢ Ur).



(1) False. Let 0 = {r}{p,r}{¢q}0¥. We have o = U (pAq) and o = (r Up) A (r U q).
(m) True, since:
cE(pAY) Up <= Fk>0st. o EpandV0<i<ko' = (p A1)
— Fk>0st. o" EpandV0<i<k (o' = p Ao’ =)
— Tk >0st. (c"EpandV0O<i<ko E@)A(c"Epand V0 <i< ko' =)

PON (Am>0st. o EpandV0<i<m o' E@)A(Gn>0st. 0" Epand V0 <i<n o' =)

— o (pUp)A (¥ Up).

where & follows by taking k = min(m, n).

Solution 13.4
(a) Gp — Fq is a tautology since
oclE=Gp <= Vk>00"Ep
— I >00"Eq
< Jo E=Fq.

(b) G(p — q) — (Gp — Ggq) is a tautology. For the sake of contradiction, suppose this is not the case. There
exists o such that

o= G(p—q), and (2)
o = (Gp = Gq). 3)
By (3), we have
o E Gp, and
o = Gg.

Therefore, there exists k > 0 such that p € o(k) and ¢ ¢ o(k) which contradicts (2).
(¢c) FGp Vv FG—p is not a tautology since it is not satisfied by ({p}{q})*.
(d) =Fp — F—Fp is a tautology since ¢ — Fp is a tautology for every formula .
(e) (Gp—Fq) <+ (pU (—pVq)) is a tautology. We have

Gp —- Fqg=-GpV Fq (by def. of implication)
=F-pV Fq (by #13.1¢)
=F(-pVq) (by #13.3d)
=F(p—q) (by def. of implication)

Therefore, we have to show that

Fip—=q) < (Up—q)
<) Let o be such that o = (p U (p — ¢)). In particular, there exists & > 0 such that o* = (p — q).
Therefore, o = F(p — q).

—) Let o be such that o = F(p — ¢). Let k > 0 be the smallest position such that o* = (p — ¢). For
every 0 <i < k, we have o' = (p — q) which is equivalent to o = p A ~q. Therefore, for every 0 < i < k,
we have ¢* |= p. This implies that ¢ Ep U (p — ¢).

(f) =(p U q) +> (—p U —q) is not a tautology. Let o = B{q}*. We have o = =(p U q) and o £ (—p U —q).
(g) G(p— Xp) — (p — Gp) is a tautology since
G(p — Xp) = (p = Gp) = -G(-pV Xp)V (-pV Gp) (by def. of implication)
=F(pA-Xp)V-pVGp (by #13.1¢)
=-Gp— (-pV (F(pAX-p)) (by def. of implication)
=F-p— (-pV (F(pAX-p)) (by #13.1c)
=F-p— F-p.



Solution 13.5
(a) (pAq) AX(=pA—q)
(b) FG(-pAq)

(c) F(p AXF(=pAq))
)

(d) (pA=q) U ((—pAq) UG(—pA—q))
Solution 13.6
(a)
0,{q}

0—0

(b) Note that (GFp) — (Fq) = ~(GFp) Vv (Fq) = (FG—p) V (Fg). We build Biichi automata for FG-p and
Fq, and take their union:

(¢) Note that p A =(XFp) = p A XG-p. We build a Biichi automaton for p A XG—p:

0, {da}

C ) {r}{p, ¢} é

{n} 0, {0 {pqy O ind)

b4



