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Solution 1.1

(a) NFA for C3:
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(b) n+ 1 states

(c) NFA for L3:
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(d) 7 states

(e) We need to prove that ε, a, aa, . . . , an(n−1)−1 all belong to different residuals, hence there are at least n(n− 1) residuals.

Consider two arbitrary ax and ax+d, where 0 ≤ x < x+ d < n(n− 1). We need to find z ∈ N such that Ln accepts either
axaz or ax+daz, but not both. We consider four possible cases:

Case 1 Neither n nor n − 1 divides d. Let z = n(n − 1) − x. We have axaz = an(n−1) ∈ Ln. On the other hand,
ax+daz = an(n+1)+d 6∈ Ln, because neither n nor n− 1 dividees d.

Case 2 n divides d, but n−1 does not. Let z = n(n−1)−x−(d mod (n−1)). We have axaz = an(n−1)−(d mod (n−1)) 6∈
Ln, because d mod (n − 1) < n − 1 < n. On the other hand, ax+daz = an(n+1)+d−(d mod (n−1)) ∈ Ln, because n − 1
dividees d− (d mod (n− 1)).

Case 3 n− 1 divides d, but n does not. Similar to Case 2.

Case 4 Both n− 1 and n devide d. This cannot happen, because 1 ≤ d < n(n− 1) = lcm(n, n− 1).



Solution 1.3

(a) RE: (a+ ba)∗(b+ ε)

NFA-ε:
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Solution 1.4

Let A = (QA,ΣA, δA, q0,A, FA) and B = (QB ,ΣB , δB , q0,B , FB) be DFAs accepting L1 and L2, respectively. We define
C = (Q,Σ, δ, q0, F ), where Q = QA ×QB , Σ = ΣA ∪ ΣB , q0 = (q0,A, q0,B), F = FA × FB , and for every qA ∈ QA, qB ∈ QB ,
and a ∈ Σ:

δ((qA, qB), a) = {(δA(qA, a), qB)} ∪ {(qA, δB(qB , a))} .

Obviously, C accepts S(L1, L2).


