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COMPUTING THE LEAST FIXED POINT OF POSITIVE
POLYNOMIAL SYSTEMS*
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Abstract. We consider equation systems of the form X1 = f1(X1,...,Xn), ..., Xn = fn(X1,
..., Xn), where f1,..., fn are polynomials with positive real coefficients. In vector form we denote
such an equation system by X = f(X) and call f a system of positive polynomials (SPP). Equation
systems of this kind appear naturally in the analysis of stochastic models like stochastic context-free
grammars (with numerous applications to natural language processing and computational biology),
probabilistic programs with procedures, web-surfing models with back buttons, and branching pro-
cesses. The least nonnegative solution pf of an SPP equation X = f(X) is of central interest for
these models. Etessami and Yannakakis [J. ACM, 56 (2009), pp. 1-66] have suggested a particular
version of Newton’s method to approximate pf. We extend a result of Etessami and Yannakakis and
show that Newton’s method starting at 0 always converges to uf. We obtain lower bounds on the
convergence speed of the method. For so-called strongly connected SPPs we prove the existence of a
threshold kg € N such that for every i > 0 the (kg +14)th iteration of Newton’s method has at least
valid bits of pf. The proof yields an explicit bound for k; depending only on syntactic parameters
of f. We further show that for arbitrary SPP equations, Newton’s method still converges linearly:
there exists a threshold ky and an ay > 0 such that for every ¢ > 0 the (kg + ay - 4)th iteration
of Newton’s method has at least i valid bits of uf. The proof yields an explicit bound for ay; the
bound is exponential in the number of equations in X = f(X), but we also show that it is essentially
optimal. The proof does not yield any bound for k¢, but only proves its existence. Constructing a
bound for kg is still an open problem. Finally, we also provide a geometric interpretation of Newton’s
method for SPPs.
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1. Introduction. We consider equation systems of the form

X1 = filXy, .., Xy)

Xp = fu(X1, ..., Xp),

where f1,..., f, are polynomials with positive real coefficients. In vector form we
denote such an equation system by X = f(X). The vector f of polynomials is called
a system of positive polynomials, or SPP for short. Figure 1.1 shows the graph of a
2-dimensional SPP equation system X = f(X).

Equation systems of this kind appear naturally in the analysis of stochastic
context-free grammars (with numerous applications to natural language processing
[19, 28] and computational biology [6, 7, 25, 33]), probabilistic programs with proce-
dures [4, 11, 12, 13, 14, 15, 16], and web-surfing models with back buttons [17, 18].
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Fic. 1.1. Graphs of the equations X1 = f1(X1,X2) and Xo = f2(X1, X2) with f1(X1,X2) =
X1Xo + i and f2(X1,X2) = %X% + %Xng + %X% + % There are two real solutions in R2, the
lesser of which is labeled with pf.

More generally, they play an important role in the theory of branching processes 2, 21],
stochastic processes describing the evolution of a population whose individuals can die
and reproduce. The probability of extinction of the population is the least solution
of such a system, a result whose history goes back to [35].

Since SPPs have positive coefficients, < @’ implies f(x) < f(2') for x, o’ € RZ;
i.e., the functions fi,..., f, are monotonic. This allows us to apply Kleene’s theo-
rem (see, for instance, [26]) and conclude that a feasible system X = f(X), i.e., one
having at least one nonnegative solution, has a smallest solution pf. It follows easily
from standard Galois theory that pf can be irrational and nonexpressible by radicals.
The problem of deciding, given an SPP and a rational vector v encoded in binary,
whether pf < v holds, is known to be in PSPACE, and to be at least as hard as
two relevant problems: SQUARE-ROOT-SUM and PosSLP. SQUARE-ROOT-SUM is a
well-known problem of computational geometry, whose membership in NP is a long-
standing open question. PosSLP is the problem of deciding, giving a division-free
straight-line program, whether it produces a positive integer (see [16] for more de-
tails). PosSLP has been recently shown to play a central role in understanding the
Blum—Shub-Smale model of computation, where each single arithmetic operation over
the reals can be carried out exactly and in constant time [1].

For the practical applications mentioned above the complexity of determining
if uf exceeds a given bound is less relevant than the complexity of, given i € N,
computing ¢ valid bits of uf, i.e., computing a vector v such that |ufj — vj| / ‘ufj| <
277 for every 1 < j < n. Given an SPP f and i € N, deciding whether the first i bits
of a component of uf, say uf,, are 0 remains as hard as SQUARE-ROOT-SUM and
PosSLP. The reason is that in [16] both problems are reduced to the following one:
given € > 0 and an SPP f for which it is known that either uf; = 1 or puf; <,
decide which of the two is the case. So it suffices to take e = 27%,

In this paper we study the problem of computing ¢ valid bits in the Blum—Shub—
Smale model. Since the least fixed point of a feasible SPP f is a solution of F'(X) =0
for F(X) = f(X)— X, we can try to apply (the multivariate version of) Newton’s
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2284 J. ESPARZA, S. KIEFER, AND M. LUTTENBERGER

method [30]: starting at some x(®) € R” (we use uppercase to denote variables and
lowercase to denote values), compute the sequence

) = 2 ®) _ (F (2P )R (),

where F'(X) is the Jacobian matrix of partial derivatives. A first difficulty is that
the method might not even be well-defined, because F’(z*)) could be singular for
some k. However, Etessami and Yannakakis have recently studied SPPs derived from
probabilistic pushdown automata (actually, from an equivalent model called recursive
Markov chains) [16], and have shown that a particular version of Newton’s method
always converges, namely, a version which decomposes the SPP into strongly con-
nected components (SCCs) and applies Newton’s method to them in a bottom-up
fashion. Our first result generalizes Etessami and Yannakakis’s: the ordinary Newton
method converges for arbitrary SPPs, provided that they are clean (which can be
easily achieved).

While these results show that Newton’s method can be an adequate algorithm for
solving SPP equations, they provide no information on the number of iterations needed
to compute ¢ valid bits. To the best of our knowledge (and perhaps surprisingly), the
rest of the literature does not contain relevant information either: it has not considered
SPPs explicitly, and the existing results have very limited interest for SPPs, since they
do not apply even for very simple and relevant SPP cases (see related work below). In
this paper we obtain upper bounds on the number of iterations that Newton’s method
needs to produce ¢ valid bits, first for strongly connected and then for arbitrary SPP
equations.

For strongly connected SPP equations X = f(X) we prove the existence of a
threshold k¢ such that for every ¢ > 0 the (ky + 4)th iteration of Newton’s method
has at least ¢ valid bits of pf. So, loosely speaking, after ks iterations Newton’s
method is guaranteed to compute at least 1 new bit of the solution per iteration; we
say that Newton’s method converges at least linearly with rate 1. Moreover, we show
that the threshold k¢ can be chosen as

ks = [4mn + 3nmax{0, — log ttmn }],

where n is the number of polynomials of the strongly connected SPP, m is such that
all coefficients of the SPP can be given as ratios of m-bit integers, and fi,qy, is the
minimal component of the least fixed point uf.

Notice that ky depends on pf, which is what Newton’s method should compute.
For this reason we also obtain bounds on k¢ depending only on m and n. We show that
for arbitrary strongly connected SPP equations, £y = 4mn2" is also a valid threshold.
For SPP equations coming from stochastic models, such as the ones listed above, we
do far better. First, we show that if every procedure has a nonzero probability of
terminating (a condition that always holds for back-button processes [17, 18]), then
a valid threshold is kg = 2m(n + 1). Since one iteration requires O(n?) arithmetic
operations in a system of n equations, we immediately obtain an upper bound on the
time complexity of Newton’s method in the Blum—Shub—Smale model: for back-button
processes, i valid bits can be computed in time O(mn* + in3). Second, we observe
that, since zF) < g+l < uf holds for every k > 0, as Newton’s method proceeds
it provides better and better lower bounds for fi,, and thus for k. We exhibit an

ILoosely speaking, a subset of variables and their associated equations form an SCC if the value
of any variable in the subset influences the value of all variables in the subset; see section 2 for details.
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SPP for which, using this fact and our theorem, we can prove that no component
of the solution reaches the value 1. This cannot be proved by just computing more
iterations, no matter how many.

For general SPP equations, not necessarily strongly connected, we show that New-
ton’s method still converges linearly. Formally, we show the existence of a threshold
ks and a real number 0 < g such that for every ¢ > 0 the (kg + o - i)th iteration of
Newton’s method has at least ¢ valid bits of i f. So, loosely speaking, after the first k¢
iterations Newton’s method computes new bits of pf at a rate of at least 1/ bits per
iteration. Unlike the strongly connected case, the proof does not provide any bound on
the threshold kg: with respect to the threshold the proof is nonconstructive, and find-
ing a bound on ky is still an open problem. However, the proof does provide a bound
for ap: it shows ap < n-2" for an SPP with n polynomials. We also exhibit a family of
SPPs for which more than i-27~! iterations are needed to compute 7 bits. So ap <n2"
for every system f, and there exists a family of systems for which 2"~ < aj.

Finally, the last result of the paper concerns the geometric interpretation of New-
ton’s method for SPP equations. We show that, loosely speaking, the Newton ap-
proximants stay within the hypervolume limited by the hypersurfaces corresponding
to each individual equation. This means that a simple geometric intuition of how New-
ton’s method works, extracted from the case of 2-dimensional SPPs, is also correct
for arbitrary dimensions. As a byproduct we also obtain a new variant of Newton’s
method.

Related work. There is a large body of literature on the convergence speed of
Newton’s method for arbitrary systems of differentiable functions. A comprehensive
reference is Ortega and Rheinboldt’s book [30] (see also Chapter 8 of Ortega’s course
[29] or Chapter 5 of [23] for a brief summary). Several theorems (for instance, Theorem
8.1.10 of [29]) prove that the number of valid bits grows linearly, superlinearly, or even
exponentially in the number of iterations, but only under the hypothesis that F'(x)
is nonsingular everywhere, in a neighborhood of pf, or at least at the point uf itself.
However, the matrix F'(uf) can be singular for an SPP, even for the 1-dimensional
SPP f(X)=1/2X2+1/2.

The general case in which F'(uf) may be singular for the solution uf that the
method converges to has been thoroughly studied. In a seminal paper [32], Reddien
shows that under certain conditions, the main ones being that the kernel of F'(uf)
has dimension 1 and that the initial point is close enough to the solution, Newton’s
method gains 1 bit per iteration. Decker and Kelley obtain results for kernels of
arbitrary dimension, but they require a certain linear map B(X) to be nonsingular
for all  # 0 [5]. Griewank and Osborne observe in [20] that the nonsingularity of
B(X) is in fact a strong condition which, in particular, can be satisfied only by kernels
of even dimension. They present a weaker sufficient condition for linear convergence
requiring B(X') to be nonsingular only at the initial point x(9); i.e., it requires only to
make “the right guess” for (*). Unfortunately, none of these results can be directly
applied to arbitrary SPPs. The possible dimensions of the kernel of F'(uf) for an
SPP f(X) are to the best of our knowledge unknown, and deciding this question
seems as hard as those related to the convergence rate.? Griewank and Osborne’s
result does not apply to the decomposed Newton method either because the mapping
B(x() is always singular for 2(®) = 0.

2More precisely, SPPs with kernels of arbitrary dimension exist, but the cases we know of can
be trivially reduced to SPPs with kernels of dimension 1.
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Kantorovich’s famous theorem (see, e.g., [30, Theorem 8.2.6], as well as [31] for an
improvement) guarantees global convergence and only requires F’ to be nonsingular
at (9). However, it also requires finding a Lipschitz constant for F’ on a suitable
region and some other bounds on F’. These latter conditions are far too restrictive for
the applications mentioned above. For instance, the stochastic context-free grammars
whose associated SPPs satisfy Kantorovich’s conditions cannot exhibit two produc-
tions X — aYZ and W — ¢ such that Prob(X — aY Z) - Prob(W — ¢) > 1/4. This
class of grammars is too contrived to be of use.

Summarizing, while the convergence of Newton’s method for systems of differen-
tiable functions has been intensely studied, the case of SPPs does not seem to have
been considered yet. The results obtained for other classes have very limited applica-
bility to SPPs: either they do not apply at all, or they apply only to contrived SPP
subclasses. Moreover, these results only provide information about the growth rate of
the number of accurate bits, but not about the number itself. For the class of strongly
connected SPPs, our thresholds lead to ezplicit lower bounds for the number of ac-
curate bits depending only on syntactical parameters: the number of equations and
the size of the coefficients. For arbitrary SPPs we prove the existence of a threshold,
while finding explicit lower bounds remains an open problem.

Structure of the paper. Section 2 defines SPPs and briefly describes their
applications to stochastic systems. Section 3 presents a short summary of our main
theorems. Section 4 proves some fundamental properties of Newton’s method for
SPP equations. Sections 5 and 6 contain our results on the convergence speed for
strongly connected and general SPP equations, respectively. Section 7 shows that
the bounds are essentially tight. Section 8 presents our results about the geometrical
interpretation of Newton’s method, and section 9 contains conclusions. A slightly
extended version of this paper is available as a technical report [10].

2. Preliminaries. In this section we introduce our notation used in the following
and formalize the concepts mentioned in the introduction.

2.1. Notation. As usual, R and N denote the sets of real and natural numbers,
respectively. We assume 0 € N. R™ denotes the set of n-dimensional real-valued
column vectors and RZ, the subset of vectors with nonnegative components. We use
bold letters for vectors, e.g., * € R", where we assume that & has the components

T1,...,Ty. Similarly, the ¢th component of a function f :R™ — R" is denoted by f;.
We define 0 := (0,...,0)" and 1 := (1,...,1)T, where the superscript ' indicates
the transpose of a vector or a matrix. Let ||-|| denote some norm on R™. Sometimes

we use explicitly the maximum norm |- with ||| := maxi<i<p |z;].

The partial order < on R" is defined as usual by setting x < y if x; < y; for all
1 <i < n. Similarly, ¢ < y if x <y and « # y. Finally, we write x < y if z; < y;
for all 1 < i < n, i.e., if every component of x is smaller than the corresponding
component of y.

We use X1, ..., X, as variable identifiers and arrange them into the vector X. In
the following n always denotes the number of variables, i.e., the dimension of X. While
x,y, ... denote arbitrary elements in R™, we write X if we want to emphasize that a
function is given with respect to (w.r.t.) these variables. Hence, f(X) represents the
function itself, whereas f(x) denotes its value for some x € R"™.

If S C{1,...,n} is a set of components and x a vector, then by g we mean the
vector obtained by restricting @ to the components in S.

Let S C{1,...,n} and S = {1,...,n}\ S. Given a function f(X) and a vector
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xgs, then f[S/xg] is obtained by replacing, for each s € S, each occurrence of X
by x, and removing the s-component. In other words, if f(X) = f(Xs, Xg), then
flS/xs|(yg) = fg(ws,yg). For instance, if f(X1, X2) = (X1 X2+ 4, X5+1)7, then
FI{2}/A R—R Xy — 2X, + 1

R™*™ denotes the set of matrices having m rows and n columns. The transpose
of a vector or matrix is indicated by the superscript ". The identity matrix of R™*"
is denoted by Id.

The formal Neumann series of A € R™*™ is defined by A* = >, A" It is
well known that A* exists if and only if the spectral radius of A is less than 1, i.e.,
max{|A| | C > X is an eigenvalue of A} < 1. If A* exists, then A* = (Id — A)~%.

The partial derivative of a function f(X) : R® — R w.r.t. the variable X; is
denoted by Jx, f. The gradient V f of f(X) is then defined to be the (row) vector

Vf = ((9X1f, ceey 8an) .
The Jacobian of a function f(X) with f: R™ — R™ is the matrix f'(X) defined by

Oxifr ... Ox.fr
f(X) = : ; ;
Ox, fm -+ Ox, fm

i.e., the ith row of f’ is the gradient of f;.

2.2. Systems of positive polynomials.

DEFINITION 2.1. A function f(X) with f : RZ, — RZ, is a system of pos-
itive polynomials (SPP) if every component f;(X) is a polynomial in the variables
X1,..., Xy with coefficients in R>qg. We call an SPP f(X) feasible if y = f(y) for
some y € RZ,. An SPP is called linear (resp., quadratic) if all polynomials have
degree at most 1 (resp., 2).

Facr 2.2. BEvery SPP f is monotone on RZ; i.e., for 0 < x < y we have
f(@) < £(y).

We will need the following lemma, a version of Taylor’s theorem.

LEMMA 2.3 (Taylor). Let f be an SPP and let ,u > 0. Then

f@)+ f(@u< fle+u) < flx)+ f(z+u)u.

Proof. 1t suffices to show this for a multivariate polynomial f(X) with nonnega-
tive coefficients. Consider ¢(t) = f(x + tu). We then have

1 1
f(@+w) = g(1) = (0) + / §'(s) ds = f(x) + / f( + su)u ds.

The result follows as f'(x) < f'(z + su) < f/'(z + u) for s € [0, 1]. a

Since every SPP is continuous, Kleene’s fixed-point theorem (see, e.g., [26]) ap-
plies.

THEOREM 2.4 (Kleene’s fixed-point theorem). Ewvery feasible SPP f has a least
fized point pf in RY, i.e., uf = f(uf) and, in addition, y = f(y) implies pf < y.
Moreover, the sequence (n}k))keN with H}k) = f*(0) (where f* denotes the k-fold

iteration of f) is monotonically increasing w.r.t. < (i.e., chk) < ngckﬂ)) and converges

to uf.
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In the following we call (n}k))keN the Kleene sequence of f(X) and drop the
subscript whenever f is clear from the context. Similarly, we sometimes write
instead of uf.

An SPP f(X) is clean if for all variables X; there is a k € N such that /-;Z(.’“ > 0.

It is easy to see that we have k%) =0 for all k € N if x™ = 0. So we can “clean”

(3 K3
an SPP f(X) in time linear in the size of f by determining the components i with
k™ = 0 and removing them.

We will also need the notion of dependence between variables.

DEFINITION 2.5. A polynomial f(X) contains a variable X; if Ox, f(X) is not
the zero-polynomial.

DEFINITION 2.6. Let f(X) be an SPP. A component i depends directly on a
component k if f;(X) contains Xy. A component i depends on k if either i de-
pends directly on k or there is a component j such that ¢ depends on j and j depends
on k. The components {1,...,n} can be partitioned into strongly connected com-
ponents (SCCs), where an SCC S is a mazimal set of components such that each
component in S depends on each other component in S. An SCC is called trivial if
it consists of a single component that does not depend on itself. An SPP is strongly
connected (scSPP, for short) if {1,...,n} is a nontrivial SCC.

2.3. Convergence speed. We will analyze the convergence speed of Newton’s
method. To this end we need the notion of valid bits.
DEFINITION 2.7. Let f be a feasible SPP. A vector @ has i valid bits of the least

fized point puf if

| — ;] < 9-i

lnf;| ~

for every 1 < j < n. Let (w(k))keN be a sequence with 0 < ¥ < uf. Then the
convergence order (8 : N — N of the sequence (x*)) ey is defined as follows: B(k) is
the greatest natural number i such that ) has i valid bits (or oo if such a greatest
number does not exist). We will always mean the convergence order of the Newton
sequence (l/(k))keN unless explicitly stated otherwise.

We say that a sequence has linear, exponential, or logarithmic convergence order
if the function S(k) grows linearly, exponentially, or logarithmically in k, respectively.

Remark 2.8. Our definition of convergence order differs from the one commonly
used in numerical analysis (see, e.g., [30]), where “quadratic convergence” or “Q-
quadratic convergence” means that the error e’ of the new approximant (its distance
to the least fixed point according to some norm) is bounded by c - €2, where e is the
error of the old approximant and ¢ > 0 is some constant. We consider our notion more
natural from a computational point of view, since it directly relates the number of
iterations to the accuracy of the approximation. Notice that “quadratic convergence”
implies exponential convergence order in the sense of Definition 2.7. In the following
we avoid the notion of “quadratic convergence.”

2.4. Stochastic models. As mentioned in the introduction, several problems
concerning stochastic models can be reduced to problems about the least fixed point uf
of an SPP f. In these cases, pf is a vector of probabilities, and so puf < 1.

2.4.1. Probabilistic pushdown automata. Our study of SPPs was initially
motivated by the verification of probabilistic pushdown automata. A probabilistic
pushdown automaton (pPDA) is a tuple P = (Q,I', 0, Prob), where @) is a finite set
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of control states, I" is a finite stack alphabet, 6 C Q x I' x QQ x I'* is a finite transition
relation (we write pX — ga instead of (p, X, ¢, ) € 9), and Prob is a function which
to each transition pX < ga assigns its probability Prob(pX < ga) € (0,1] so that
for all p € Q and X € I' we have ZPX‘—hzcx Prob(pX — ga) = 1. We write pX & qo
instead of Prob(pX < qa) = x. A configuration of P is a pair qw, where ¢ is a control
state and w € I'* is a stack content. A pPDA P naturally induces a possibly infinite
Markov chain with the configurations as states and transitions given by p X & qaf
for every g € I'" if and only if pX & qa. We assume without loss of generality
(w.lo.g.) that if pX <> o is a transition, then |a| < 2.

pPDAs and the equivalent model of recursive Markov chains have been very thor-
oughly studied [4, 11, 12, 13, 14, 15, 16]. These works have shown that the key to the
analysis of pPDAs are the termination probabilities [pX q], where p and g are states,
and X is a stack letter, defined as follows (see, e.g., [11] for a more formal definition):
[pX¢q] is the probability that, starting at the configuration pX, the pPDA eventually
reaches the configuration ¢e (empty stack). It is not difficult to show that the vector
of these probabilities is the least solution of the SPP equation system containing the
equation

(pXq) = Z x-Z(rYt>-<th>+ Z - (rYq) + Z 2

x teQ x x
pX—>rYZ pX—rY pX “—rqe

for each triple (p, X, ¢). Call this quadratic SPP the termination SPP of the pPDA
(we assume that termination SPPs are clean, and it is easy to see that they are always
feasible).

2.4.2. Strict pPDAs and back-button processes. A pPDA is strict if for
all pX € @ x T and all ¢ € @ the transition relation contains a pop-rule pX & qe
for some x > 0. Essentially, strict pPDAs model programs in which every procedure
has at least one terminating execution that does not call any other procedure. The
termination SPP of a strict pPDA satisfies f(0) > 0.

In [17, 18] a class of stochastic processes is introduced to model the behavior
of web surfers who from the current webpage A can decide either to follow a link
to another page, say B, with probability £4p, or to press the “back button” with
nonzero probability b4. These back-button processes correspond to a very special
class of strict pPDAs having one single control state (which in the following we omit),

and rules of the form A <% ¢ (press the back button from A) or A LYY (follow
the link from A to B, remembering A as the destination of pressing the back button
at B). The termination probabilities are given by an SPP equation system containing
the equation

(A) = ba+ Z Lap(B)(A) = ba+(A) Z lap(B)
ASAE B A A< B A

for every webpage A. In [17, 18] those termination probabilities are called revoca-
tion probabilities. The revocation probability of a page A is the probability that,
when currently visiting webpage A and having HoH; ... H,_1 H, as the browser his-
tory of previously visited pages, then during subsequent surfing from A the random
user eventually returns to webpage H,, with HoH; ... H,_1 as the remaining browser
history.
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Ezample 2.9. Counsider the following equation system:

X1 0.4X2X; +0.6
Xo | =103X1 X2+ 0.4X5X5+0.3
XB 0.3X1X3 + 0.7

The least solution of the system gives the revocation probabilities of a back-button
process with three webpages. For instance, if the surfer is at page 2 it can choose
between following links to pages 1 and 3 with probabilities 0.3 and 0.4, respectively,
or pressing the back button with probability 0.3.

3. Newton’s method and an overview of our results. In order to approx-
imate the least fixed point uf of an SPP f we employ Newton’s method.

DEFINITION 3.1. Let f be a clean and feasible SPP. The Newton operator Ny is
defined as follows:

1

Ni(X) =X+ (Id— f/(X)) " (f(X) - X).

The sequence (V}k))keN with V}k) = ./\/J’?(O) (where ./\/;’5 denotes the k-fold iteration

of Ny ) is called the Newton sequence. We drop the subscript of Ny and l/sgk) when f
is understood.

The main results of this paper concern the application of Newton’s method to
SPPs. We summarize them in this section.

Theorem 4.1 states that the Newton sequence (v(F))cy is well-defined (i.e., the
inverse matrices (Id — f’(u(’“)))_1 exist for every k& € N), monotonically increasing
and bounded from above by pf (i.e., v® < f(r®)) < v*+) < 4 f), and converges
to wf. This theorem generalizes the result of Etessami and Yannakakis in [16] to
arbitrary clean and feasible SPPs and to the ordinary Newton method.

For more quantitative results on the convergence speed, it is convenient to focus
on quadratic SPPs. Theorem 4.12 shows that any clean and feasible SPP can be
syntactically transformed into a quadratic SPP without changing the least fixed point
and without accelerating Newton’s method. This means one can perform Newton’s
method on the original (possibly nonquadratic) SPP, and convergence will be at least
as fast as for the corresponding quadratic SPP.

For quadratic n-dimensional SPPs, one iteration of Newton’s method involves
O(n?) arithmetical operations and O(n?) operations in the Blum—Shub—Smale model.
Hence, a bound on the number of iterations needed to compute a given number of
valid bits immediately leads to a bound on the number of operations. In section 5
we obtain such bounds for strongly connected quadratic SPPs. We give different
thresholds for the number of iterations and show that when any of these thresholds
is reached, Newton’s method gains at least one valid bit for each iteration. More
precisely, Theorem 5.10 states the following. Let f be a quadratic, clean, and
feasible scSPP, let tiynin and fipmq, be the minimal and maximal component of uf,
respectively, and let the coefficients of f be given as ratios of m-bit integers. Then
B(ks +14) > i holds for all i € N and for any of the following choices of ky:

1. 4mn + [3nmax{0, — 10g ftmin }|;

2. 4mn2™;

3. Tmn if f satisfies f(0) > 0;

4. 2m(n + 1) if f satisfies both £(0) > 0 and fimes < 1.
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We further show that Newton iterations can also be used to obtain a sequence
of upper approximations of uf. Those upper approximations converge to uf, asymp-
totically as fast as the Newton sequence. More precisely, Theorem 5.13 states the
following: Let f be a quadratic, clean, and feasible scSPP, let ¢,,;,, be the smallest
nonzero coefficient of f, and let p,,;, be the minimal component of pf. Further,
for all Newton approximants v(*) with v*) = 0, let fol)n be the smallest coefficient
of v Then

)~ o)

(cmm : min{l/f,]fi)n, 1})

v(F) <uf < v(F) +

where [s] denotes the vector @ with z; = s for all 1 < j < n.

In section 6 we turn to general (not necessarily strongly connected) clean and
feasible SPPs. We show in Theorem 6.5 that Newton’s method still converges
linearly. Formally, the theorem proves that for every quadratic, clean, and feasible
SPP f, thereis a threshold k¢ € Nand ay > 0 such that 3(kg+ag-i) > i foralli € N.
With respect to the threshold, our proof is purely existential and does not provide any
bound for k. For ay we show an upper bound of n - 2", i.e., asymptotically at most
n - 2" extra iterations are needed in order to get one new valid bit. Section 7 exhibits
a family of SPPs in which one new bit requires at least 2”~! iterations, implying that
the bound on ay is essentially tight.

Finally, section 8 gives a geometrical interpretation of Newton’s method on quad-
ratic SPP equations. Let R be the region bounded by the coordinate axes and by the
quadrics corresponding to the individual equations. Theorem 8.10 shows that all
Kleene and Newton approximations lie within R, i.e., ¥ k() € R for every i € N.

4. Fundamental properties of Newton’s method.

4.1. Effectiveness. Etessami and Yannakakis [16] suggested using Newton’s
method for SPPs. More precisely, they showed that the sequence obtained by ap-
plying Newton’s method to the equation system X = f(X) converges to uf as long
as f is strongly connected. We extend their result to arbitrary SPPs, thereby reusing
and extending several proofs of [16].

In Definition 3.1 we defined the Newton operator Ny and the associated Newton
sequence (v®)cn. In this section we prove the following fundamental theorem on
the Newton sequence.

THEOREM 4.1. Let f be a clean and feasible SPP. Let the Newton operator Ny
be defined as in Definition 3.1:

Np(X) =X+ (1d — f(X)) " (f(X) - X).

1. Then the Newton sequence (v™))en with v*) = N]IE(O) is well-defined (i.e.,
the matriz inverses exist), monotonically increasing, and bounded from above
by pf (i.e., v®) < fw®) <v*+HD) < i f ) and converges to pf.

2. We have (Id — f'(v®))=1 = f' (v ®)* for all k € N. We also have (Id —
fl(@)~t = f'(x)" for allz < pf.

The proof of Theorem 4.1 consists of three steps. In the first proof step, we
study a sequence generated by a somewhat weaker version of the Newton operator
and obtain the following.
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PROPOSITION 4.2. Let f be a feasible SPP. Let the operator ./\7} be defined as
follows:

Ne(X) =X+ (F(XOUF(X) - X)) .
d=

~

Then the sequence (V®))pen with v®) = N%(0) is monotonically increasing, is
bounded from above by uf (i.e., v® < F®) < v*+HD) < 4f) and converges
to uf.

In a second proof step, we show another intermediary proposition, namely, that
the star of the Jacobian matrix f’ converges for all Newton approximants.

PROPOSITION 4.3. Let f be clean and feasible. Then the matriz series f' (v*))* =
Id+ f(®) + f(w®)2 4 ... converges in Rsq for all Newton approzimants v
i.e., there are no co entries.

In the third and final step, we show that Propositions 4.2 and 4.3 imply Theo-
rem 4.1.

h

4.1.1. First step. For the first proof step (i.e., the proof of Proposition 4.2), we
will need the following generalization of Taylor’s theorem.
LEMMA 4.4. Let f be an SPP, d € N, 0 < u, and 0 < x < f(x). Then

fl@+uw) > f@) + f'(x)u
In particular, by setting u := f(x) — x we get
P @) - (@) = f (@) (f(2) — ).

Proof. The proof is by induction on d. For d = 0 the statement is trivial. Let
d > 0. Then, by Taylor’s theorem (Lemma 2.3), we have

de(fEJrU) F(Fi(x + )
(=) + f' (@) u) (induction hypothesis)
2 fdJrl(w) (@) f () u (Lemma 2.3)
> £ (@) + f(2) (fl(z)>z). O

Lemma 4.4 can be used to prove the following.
LEMMA 4.5. Let f be a feasible SPP. Let 0 < & < uf and © < f(x). Then

z+ > (f@)"(f(@) ) < uf .
d=0

Proof. Observe that

(4.1) lim f() = uf

d—o0

because 0 < x < pf implies fd(O) < fd(:v) < uf,and as (fd(O))deN converges to uf
by Theorem 2.4, so does (£%(x))qen. We have

2+ (f'(@)"(f(x) Z ( F Y (z d(sr:)) (Lemma 4.4)
d=0 =
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= lim fi(z)

d—o0

— uf (by (41)). O

Now we can prove Proposition 4.2.
Proof of Proposition 4.2. First we prove the following inequality by induction
on k:

v®) < f(,/(k))'

The induction base (k = 0) is easy. For this step, let £ > 0. Then

vt = k) 4

M8

F Y (F0) - o) ))

.
Il

0

Fw®) +i( (F®) - ,,<k>))

d=

< F®) + 7w (f/ )£ ®)) - ,,(k>))
d=0

( (k) 4 Z ( WY (F®)) - ,,(k)))> (Lemma 2.3)

_ f(y(kJrl)) )

—

Now, the inequality »*) < uf follows from Lemma 4.5 by means of a straight-
forward induction proof. Hence, it follows that f(v*)) < f(uf) = pf. Further we
have

F) = 4 () - )

(4.2) < () i i (f/(y(k))d(f(y(k)) _ V(k))) — k1)
d=0

So it remains to show that (v*)),cy converges to pf. As we have already shown that
vF) < puf, it suffices to show that k(®) < v*) because (k*))en converges to puf by
Theorem 2.4. We proceed by induction on k. The induction base (k = 0) is easy. For
this induction step, let £ > 0. Then

(1) — f(n(k))
< f(r) (induction hypothesis)
< pk+D (by (4.2)).
This completes the proof of Proposition 4.2 and, hence, the first step towards the
proof of Theorem 4.1. d

4.1.2. Second step. For the second proof step (i.e., the proof of Proposition 4.3)
it is convenient to move to the extended reals Ry o); i.e., we extend R>q by an
element oo such that addition satisfies @ + 0o = 0o 4+ a = oo for all a € R>¢ and
multiplication satisfies 0-co =00-0=0and a-c0 =00-a = oo for all a € R>¢. In

Rj0,00], ONE can rewrite /\A/(V(k)) =v® 50 (F ) fF®) —v*)) as p®) 4
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F W) (f(r®) - v*)). Notice that Proposition 4.3 does not follow trivially from
Proposition 4.2, because oo entries of f'(v*))* could be cancelled out by matching 0
entries of f(r®) — k),

For the proof of Proposition 4.3 we need several lemmas. The following lemma
assures that a starred matrix has an oo entry if and only if it has an oo entry on the
diagonal.

LEMMA 4.6. Let A = (a;;) € RLy". Let A* have an oo entry. Then A* also has
an oo entry on the diagonal, i.e., [A*],, = 0o for some 1 <i <mn.

Proof. The proof is by induction on n. The base case n = 1 is clear. For n > 1
assume w.l.o.g. that [A*], = oco. We have

(43) [A*]ln = [A*]ll Zalj [AFZn,Zn]} .
=2 -

where by Az, 5 2..n) We mean the square matrix obtained from A by erasing the first
row and the first column. To see why (4.3) holds, think of [A*],, as the sum of weights
of paths from 1 to n in the complete graph over the vertices {1,...,n}. The weight
of a path P is the product of the weight of P’s edges, and a;,;, is the weight of the
edge from i1 to io. Each path P from 1 to n can be divided into two subpaths P;, P>
as follows. The second subpath P is the suffix of P leading from 1 to n and not
returning to 1. The first subpath P;, possibly empty, is chosen such that P = P, Ps.
Now, the sum of weights of all possible P; equals [A*],;, and the sum of weights of
all possible P, equals Z?:z ai; [(A[g,,mg“n])*]jn. So (4.3) holds.

As [A*],, = oo, it follows that either [A*];, or some [(A[g,,mg“n])*}jn equals
oo. In the first case, we are done. In the second case, by induction, there is an ¢
such that [(A[z__n’z__n])*}ii = oo. But then also [A*],, = oo, because every entry of

[(A[gungun])] " is less than or equal to the corresponding entry of A*. O

The following lemma treats the case that f is strongly connected (cf. [16]).

LEMMA 4.7. Let f be clean, feasible, and nontrivially strongly connected. Let
0<x < puf. Then f'(x)* does not have co as an entry.

Proof. By Theorem 2.4 the Kleene sequence (k());cny converges to uf. Further-
more, k(Y < pf holds for all i, because as every component depends nontrivially on
itself, any increase in any component results in an increase of the same component
in a later Kleene approximant. So, we can choose a Kleene approximant y = (%)
such that & < y < uf. Notice that y < f(y). By monotonicity of f’ it suffices to
show that f’(y)* does not have oo as an entry. By Lemma 4.4 (taking « := y and
u = pf —y) we have

F ) uf -y <nf— ).

As d — o0, the right-hand side converges to 0, because, by Kleene’s theorem, fd(y)
converges to pf. So the left-hand side also converges to 0. Since uf —y > 0, every
entry of f'(y)? must converge to 0. Then, by standard facts about matrices (see,
e.g., [27]), the spectral radius of f'(y) is less than 1, i.e., |A\| < 1 for all eigenvalues
A of f'(y). This, in turn, implies that the series f'(y)* =Id+ f (y) + f (y)?> +---
converges in Rxo; see [27, p. 531]. In other words, f'(y)* and hence f'(x)* do not
have co as an entry. O

The following lemma states that Newton’s method can terminate in a component s
only after certain other components ¢ have reached uf,.
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LEMMA 4.8. Let 1 < s,/ < n. Let the term [f'(X)*}SS contain the variable X,.

Let 0 < x < f(x) < uf and xs < uf, and xp < pf,. Then ./\7(38)5 < puf,.

Proof. This proof follows closely a proof of [16]. Let d > 0 such that [f'(X)?]_
contains Xy. Let m’ > 0 such that f™ (z) > 0 and i ()¢ > xp. Such an m’ exists
because with Kleene’s theorem the sequence (fk(:v))keN converges to uf. Notice that
our choice of m’ guarantees [f’(fm, ()], > [f(=)],,.

Now choose m > m’ such that f™*(x), > f™(x),. Such an m exists because
the sequence (f*(x)s)ren never reaches puf,. This is because s depends on itself
(since [f'(X)*],, is not constant 0), and so every increase of the s-component results
in an increase of the s-component in some later iteration of the Kleene sequence.

Now we have

d+m+1(w) d+m(m)

FIOF @)™ () — f (=) (Lemma 4.4)
>* f’(w) ( o (@) - £ (x)

F()'f (x)™(f(z) - x) (Lemma 4.4)
= f () (f(z) — ).

The inequality marked with * is strict in the s-component, due to the choice of d
and m above. So, with b = d + m we have

(4.4) (" (@) = fP(@))s > (F'(@)"(f (@) —2))s.

Again by Lemma 4.4, inequality (4.4) holds for all b € N, but with > instead of >.
Therefore

wfs = (m +> (FH () - fi(w))> (Kleene)
i=0 s
> (z+ (@) (f(x) — a:))s (inequality (4.4))
= (/V(:B))S O

Now we are ready to prove Proposition 4.3.
Proof of Proposition 4.3. Using Lemma 4.6 it is enough to show that [f’(u(k))*] s

# oo for all s. If the s-component constitutes a trivial SCC, then [f’(u(k))*}ss =0
# 00. So we can assume in the following that the s-component belongs to a nontrivial
SCC, say S. Let X 1, be the set of variables contained by the term [f/(X)*] 4+ Forany
t € S we have [f"(X)*]SS > [f’(X)*]St [f/(X)*Lt [f’(X)*]tS. Neither [f’(X)*]St
nor [f/(X)*LS is constant zero, because S is nontrivial. Therefore, [f"(X)*]SS con-
tains all variables that [f/(X)*Lt contains, and vice versa, for all t € S. So, X, is,
for all t € S, exactly the set of variables contained by [f’(X)*Lt.

We distinguish two cases.

Case 1. There is a component ¢ € L such that the sequence (l/é ))keN does not

terminate, i.e., 1/( ) < wf, holds for all k. Then, by Lemma 4.8, the sequence (vs (k ))keN

cannot reach pf; either. In fact, we have V( ) < 1fg. Let M denote the set of those
components that the S-components depend on, but which do not depend on S. In

other words, M contains the components that are “lower” in the directed acyclic

graph (DAG) of SCCs than S. Define g(Xg) := fq(X)[M/uf ). Then g(XS) is

an scSPP with ug = ufg. As Vg) < g, Lemma 4.7 is applicable, so g (ug )* does
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not have oo as an entry. With [f'(v*))*] . < g (W) we get (F ™) ] < oo,
as desired.

Case 2. For all components ¢ € L the sequence (Uék))keN terminates. Let ¢ € N
be the least number such that Véi) = uf, holds for all / € L. By Lemma 4.8 we
have u§“ < pfs. But as, according to Proposition 4.2, (ng))keN converges to pf,
there must exist a j > i such that 0 < (f'(¥W)*(f(r\9)) - I/(j)))s < 00. So there
is a component u with 0 < [f'(v))*] (f(rV)) —vW), < co. This implies 0 <
[f’(u(j))*}su < o0, and therefore also [f"(l/(j))*]sS < 0o0. By monotonicity of f,
we have [f'(v®))*] < [f'(vD)*] < oo forall k < j. On the other hand, since
[ (X )*] . contains only L-variables and V(Lk) = pf holds for all k > j, we also have
(F®)y]  =[f D)) <ooforallk>j O

This completes the second intermediary step towards the proof of Theorem 4.1.

S8

4.1.3. Third and final step. Now we can use Propositions 4.2 and 4.3 to
complete the proof of Theorem 4.1.

Proof of Theorem 4.1. By Proposition 4.3 the matrix f'(v(*))* has no oo entries.
Then we clearly have f'(v®)*(Id — f'(¢v®)) =1d, so (Id — f'(v®)))~1 = f'(L*))*,
which is the first claim of part 2 of the theorem. Hence, we also have

RW) =9 430 (£ O (Fw) - o)
d=0

=4 PO () - 2 )
= v 4 (1d = @) (F ) - )
— N@®),

SO we can replace N by N. Therefore, part 1 of the theorem is implied by Propo-
sition 4.2. It remains to show (Id — f'(z))~! = f'(x)* for all < uf. It suffices
to show that f'(x)* has no oo entries. By part 1 the sequence (v*));cy converges
to uf. So there is a k' such that « < v*). By Proposition 4.3, f'(¢*))* has no oo
entries, so, by monotonicity, f'(z)* has no oo entries either. d

4.2. Monotonicity.
LEMMA 4.9 (monotonicity of the Newton operator). Let f be a clean and feasible
SPP. Let 0 < x <y < f(y) < puf and let Ny (y) exist. Then

Ng(®) < Ny (y) -

Proof. For & <y we have f'(x) < f'(y), as every entry of f(X) is a monotone
polynomial. Hence, f'(x)* < f'(y)*. With this at hand we get

Niy) =y + ') (fly) —v) (Theorem 4.1)
>y+ (@) (fy) —y) (f'(y)" = f'(z)")
>y+ (@) (f)+ (@) (y—z) -y (Lemma 2.3)
=y + (@) (f(x) —z) - (Id - f'(z))(y - x))
=y + (@) (flx)—z) - (y — =) (f' (=) =
(1d— £'(2)")
= Ny(z) (Theorem 4.1). O
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4.3. Exponential convergence order in the nonsingular case. If the ma-
trix Id — f'(uf) is nonsingular, Newton’s method has exponential convergence order
in the sense of Definition 2.7.

Define for the following lemmas AP = pf — v e, A" is the error after
k Newton iterations. The following lemma bounds |A® V|| in terms of |A®) |2 if
Id — f'(uf) is nonsingular.

LEMMA 4.10. Let f be a clean and feasible SPP such that 1d — f'(uf) is non-
singular. Then there is a constant ¢ > 0 such that

2
HA(’““)H <ec. HAWH for all k € N.

Proof. See [10] or Theorem 4.4 of [34]. O

Lemma 4.10 implies that Newton’s method has an exponential convergence order
in the nonsingular case. We state this more precisely in the following theorem.

THEOREM 4.11. Let f be a clean and feasible SPP such that 1d — f'(uf) is
nonsingular. Then there is a constant ky € N such that

B(kg +i) > 2" for all i € N.
Proof.  We first show that there is a constant Ef € N such that

<272 for all § € N.

oo

(4.5) HA@W‘)

We can assume w.l.o.g. that ¢ > 1 for the ¢ from Lemma 4.10. As the AR converge

to 0, we can choose Ef € N large enough such that d := —log ||A(Ef)|\ —loge>1. As
¢,d > 1, it suffices to show the following inequality:

27d»2i

HA(%f“Fi)

<
c

We proceed by induction on i. For i = 0, the inequality above follows from the
definition of d. Let ¢ > 0. Then

2

HA(EfHH) H <c- HA(EfH) (Lemma 4.10)

2—d-2i-2
<c —s— (induction hypothesis)
c
9—d-2i*!

Cc

Hence, (4.5) is proved.
Choose m € N large enough such that 2™+ + log(uf i) > 2¢ holds for all compo-
nents j. Thus

kp+m+i _gm+i

ASIED gy <27 g (by (4.5))
P )
<97 (choice of m) .

So, with k¢ := %f +m, the approximant v(¥s+%) has at least 2¢ valid bits of . f. |
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This type of analysis has serious shortcomings. In particular, Theorem 4.11
excludes the case where Id — f'(uf) is singular. We will include this case in our
convergence analysis in sections 5 and 6. Furthermore, and maybe more severely,
Theorem 4.11 does not give any bound on kg. We solve this problem for strongly
connected SPPs in section 5.

4.4. Reduction to the quadratic case. In this section we reduce SPPs to
quadratic SPPs; i.e., to SPPs in which every polynomial f;(X) has degree at most 2,
and show that the convergence on the quadratic SPP is no faster than on the original
SPP. In the following sections we will obtain convergence speed guarantees of Newton’s
method on quadratic SPPs. Hence, one can perform Newton’s method on the original
SPP, and, using the results of this section, convergence is at least as fast as on the
corresponding quadratic SPP.

The idea to reduce the degree of our SPP f is to introduce auxiliary variables
that express quadratic subterms. This can be done repeatedly until all polynomials in
the system have reached degree at most 2. The construction is very similar to the one
that transforms a context-free grammar into another grammar in Chomsky normal
form. The following theorem shows that the transformation does not accelerate the
convergence of Newton’s method.

THEOREM 4.12. Let f(X) be a clean and feasible SPP such that fo(X) = g(X)+
MX)X;X; for some 1 < i,5,s < n, where g(X) and h(X) are polynomials with
nonnegative coefficients. Let }(X, Y) be the SPP given by

J:‘:g(X,Y):fg(X) for every £ € {1,...,s — 1},
F(X.Y) = g(X) + h(X)Y,
_ ful(X,Y) = fo(X) for every £ € {s+1,...,n},
Fur1(X,Y) = XX,

Then the function b : R® — R"! given by b(X) = (X1,..., X, X;X;) " is a bi-
jection between the set of fixed points of f(X) and f(X,Y). Moreover, ALEES

(u§k), cee u,S’“’, l/i(k)uj(-k))—r for all k € N, where 7% and v® are the Newton approxi-

mants of} and f, respectively.

Proof. We first show the claim regarding b: if = is a fixed point of f, then
b(x) = (x,x;z;) is a fixed point of f. Conversely, if (x,y) is a fixed point of f, then
we have y = =z;x;, implying that = is a fixed point of f. Therefore, the least fixed
point puf of f determines ,u}, and vice versa.

Now we show that the Newton sequence of f converges at least as fast as the
Newton sequence of f. In the following we write Y for the (n+ 1)-dimensional vector
of variables (X1,...,X,,Y)" and, as usual, X for (Xi,...,X,) . For an (n + 1)-
dimensional vector x, we let [, ,, denote its restriction to the n first components,
ie., [y, = (T1,... ,z,) . Note that Y1, = X. Let es denote the unit vector
(0,...,0,1,0...0) T, where the “1” is on the sth place. We have

Fy) = (f(X) + esf;gfggjgy ~ Xin)>
and

~ F'(X) + edxh(X)(Y — X;X;)  esh(X)

f(Y):< aiXin ; )
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We need the following lemma.
LEMMA 4.13. Let z € R%), 6 = (Id — f'(2))

}/(z, zizj))fl(}(z, zizj) — (=, zizj)—r). Then § = 5[1’,1],

T(f(z) -~ 2), and § = (1d -

Proof.
~/ N f/(z) + esh(z)GX(Y — Xin)|Y:(z,ziz]~) esh(z)
.f (Z,ZZZJ) - ( aXXin|Y:(z,zizj) 0
~(F(z) — esh(2)0x (X, X)| x== esh(z)
o axXin|X:z 0 '

We have (Id — }/(z, zlzj))g = (f(z, ziz;) — (z,2iz;) 1), or equivalently

Id - f'(2) + eh(2)0x (XiX;) x=s  —esh(2)\ (dpm) _ (F(z) -2
( —8XXin|§:z : 1 ) . (Slnl+1]> a ( 0 ) '

Multiplying the last row by esh(z) and adding to the first n rows yields
(Id — £/(2)) 8. = f(2) — =

So we have 8y ) = (Id — f’(z))_1 (f(z) — z) = &, which proves the lemma. 0O

~(k ) (k)

Now we proceed by induction on k to show v Vi n < v where " is the Newton

sequence for f By definition of the Newton sequence, this is true for k = 0. For the

step, let k > 0 and define u := (v Ef)n]’ o ﬁj(k))T. Then we have

fo'?:]l) N~ (E(k))[l n]
< N (w)[1,n] (see below)
= Id— F (w) "L (F(u) —
mmﬁ(< F ) () —w)

~(k — ~(k ~(k
fl)n]‘F(Id f'w [1n)) 1(f(’/f1,)n]) fl)n]) (Lemma 4.13)
k
—Nﬂ(&ﬂ

< Ny(r®) (induction)
= pk+D),

At the inequality marked with (x) we used the monotonlclty of N~ (Lemma 4.9)
combined with Theorem 4.1, which states ) < f ( "); hence in partmular V,(fgl <
Ni(k) J( ). This concludes the proof of Theorem 4.12. O

5. Strongly connected SPPs. In this section we study the convergence speed
of Newton’s method on strongly connected SPPs (scSPPs); see Definition 2.6.

5.1. Cone vectors. Our convergence speed analysis makes crucial use of the
existence of cone vectors.

DEFINITION 5.1. Let f be an SPP. A vector d € RY, is a cone vector if d - 0
and f'(uf)d < d.

PROPOSITION 5.2. Any clean and feasible scSPP has a cone vector.
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Proof. By Theorem 4.1 f'(x)* exists for all & < pf. So, by fundamental matrix
facts [3], the spectral radius of f(z) is less than 1 for all x < puf. As the eigenvalues of
a matrix depend continuously on the matrix, the spectral radius of f'(uf), say p, is at
most 1. Since f is strongly connected, f'(uf) is irreducible, and so Perron-Frobenius
theory guarantees the existence of an eigenvector d = 0 of f'(uf) with eigenvalue p.
So we have f'(uf)d = pd < d, i.e., the eigenvector d is a cone vector. d

In [10] we prove Proposition 5.2 independently of Perron-Frobenius theory.

5.2. Convergence speed in terms of cone vectors. Now we show that cone
vectors play a fundamental role for the convergence speed of Newton’s method. The
following lemma, gives a lower bound of the Newton approximant () in terms of a
cone vector.

LEMMA 5.3. Let f be a feasible (not necessarily clean) SPP such that f'(0)*
exists. Let d be a cone vector of f. Let 0 > uf — Ad for some A > 0. Then

N(O)zuf—%/\d.

Proof. We write f(X) as a sum f(X) =c+ Zszl T®(X,...,X), where D is
the degree of f and, for all k € {1,...,D} and all i € {1,...,n}, the component Ti(k)

of T™ is the symmetric k-linear form associated to the degree-k terms of f;. Let L(¥)
(R™)F=1 — R™" such that T® (XM, ..., Xx®) = L0(x®  x*=Dy. xH®),
Now we can write

D D
fFX)=c+> LW(X,... . X)X and f(X)=> k-LW(X,... X).
k=1 k=1
We write L for LY and h(X) for f(X) — LX — c. We have
A A

§d: §(L*d—L*Ld) (L*=1d+ L*L)
> (L F (uf)d — I Ld) (f(up)d < d)
= JLR (uf)d (F'(2) = W(@) + 1)
= IS (uf)Ad
> IS (uf uf (d > puf)

=L 5;:2/6-L(’“)(uf,.-.,uf)uf

D
>0 LW (uf,.. . uf)nf
k=2

— L*h(uf)

= L*(f(uf) — Luf —¢) (f(z) = h(z) + Lz +c)

=L"uf - L"Luf —L*c (f(uf) = nf)

=uf—L*c (L* =1d + L*L)

= pnf — N(0) (NV(0) = f'(0) f(0) =L*¢). O
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We extend Lemma 5.3 to arbitrary vectors @ as follows.

LEMMA 5.4. Let f be a feasible (not necessarily clean) SPP. Let 0 < & < uf
and © < f(x) such that f'(x)* exists. Let d be a cone vector of f. Let > uf — \d
for some A > 0. Then

N(@) > uf ~ 5Ad.

Proof. Define g(X) = f(X + ) — . We first show that g is an SPP (not
necessarily clean). The only coefficients of g that could be negative are those of
degree 0. But we have g(0) = f(x) —ax > 0, and so these coeflicients are also
nonnegative.

It follows immediately from the definition that puf —a > 0 is the least fixed point
of g. Moreover, g satisfies g'(uf — x)d < d, and so d is also a cone vector of g.
Finally, we have 0 > uf —ax — Ad = pug — A\d. So, Lemma 5.3 can be applied as
follows.

Ni(@) =z + f'(z)" (f(z) - 2)
=x+g'(0)"(g(0) -0
=z +Ngy(0)

Y

1
T+ ug — 5)\d (Lemma 5.3)
1
= — =\d. d
nf =5

By induction we can extend this lemma to the whole Newton sequence.
LEMMA 5.5. Let d be a cone vector of a clean and feasible SPP f and let

Anaz = rnaxj{“dij }. Then

V(k) Z ,LLf - 27k}\mazd .

Before proving the lemma we illustrate it in the graph shown in Figure 5.1. The
dashed line in Figure 5.1 is the ray r(¢) = uf — td along a cone vector d. Notice
that r(0) equals pf and that 7(Ay,e) is the greatest point on the ray that is below
0. The figure also shows the Newton iterates v for 0 < k < 2 (shape: X) and
the corresponding points 7(27%\,.4,) (shape: +) located on the ray . Observe that
v®) > (275 X\42), as claimed by Lemma 5.5.

Proof of Lemma 5.5. The proof is by induction on k. For the induction base
(k = 0) we have for all components i

(y’f—AmaId) = (/J’f_ma'x{u—fj}d> S/'I’fl_ Mfzdl:()?
! J d; p d;

sov® =0> uf — Amazd.

For the induction step, let & > 0. By the induction hypothesis we have v(*) >
pwf —27% X\ azd. So we can apply Lemma 5.4 to get

1
v = N W) 2 puf — 22 N pwd = pf =2 ed . D

The following proposition guarantees a convergence order of the Newton sequence
in terms of a cone vector.
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-0.2

—0.4

r (/\mu.ac)

Fic. 5.1. Illustration of Lemma 5.5: The points (4) on the ray r along a cone vector are lower
bounds on the Newton approrimants (X ).

PROPOSITION 5.6. Let d be a cone vector of a clean and feasible SPP f and
let Aoz = max; {“jj} and Apin = minj{ud—f_j}. Let kyq = [log %] Then
Blks.q+i)>i for all i € N. ' |

Proof. For all 1 < j <n the following holds:

(uf —vrat?) <omUratdy, . d; (Lemma 5.5)
)\min ;
< —2 Z/\m,mdj (def. of /C_f,d)
= )\mznd] : 2_i
<uf;- 2" (def. of A\pin ).

Hence, v(#7.479) has i valid bits of uf. O

5.3. Convergence speed independent from cone vectors. The convergence
order provided by Proposition 5.6 depends on a cone vector d. While Proposition 5.2
guarantees the existence of a cone vector for scSPPs, it does not give any information
on the magnitude of its components. So we do not have any bound yet on the
“threshold” kf g from Proposition 5.6. The following theorem solves this problem.

THEOREM 5.7. Let f be a quadratic, clean, and feasible scSPP. Let ¢y be the
smallest nonzero coefficient of f and let pimin and pimqe, be the minimal and mazimal
component of uf, respectively. Let

ky = {log Mma.x n-‘ .
Hmin * (Cmin : mln{ﬂmina 1})

Then

B(ky +14) > for all i € N.
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Before we prove Theorem 5.7 we give an example.
Example 5.8. As an example of an application of Theorem 5.7, consider the
scSPP equation of the back-button process of Example 2.9:

X1 0.4X2X; 4+ 0.6
Xo| = [03X1X2+04X3X5 +0.3
X3 0.3X1X35+40.7

We wish to know if there is a component s € {1,2,3} with uf, = 1. Notice
that f(1) =1, so uf < 1. Performing 14 Newton steps (e.g., with Maple) yields an
approximation v to puf with

0.98 0.99
0.97 | <o < [ 0.98
0.992 0.993

We have ¢, = 0.3. In addition, since Newton’s method converges to pf from
below, we know fim,m, > 0.97. Moreover, fima < 1, as 1 = f(1) and so puf < 1.
Hence ky < {log WMJ = 6. Theorem 5.7 then implies that (! has 8 valid
bits of puf. As uf < 1, the absolute errors are bounded by the relative errors, and
since 278 < 0.004, we know

278 0.994 1
pf <v 4278 <0984 | < (1
278 0.997 1

So Theorem 5.7 yields a proof that pf, < 1 for all three components s.

Notice also that the Newton sequence converges much faster than the Kleene
sequence (n(k))keN. We have k(1) < (0.89,0.83,0.96)T, so k1) has no more than
4 valid bits in any component, whereas (1% has, in fact, more than 30 valid bits in
each component.

For the proof of Theorem 5.7 we need the following lemma.

LEMMA 5.9. Let d be a cone vector of a quadratic, clean, and feasible scSPP f.
Let cppipn be the smallest nonzero coefficient of f and pimin the minimal component
of uf. Let dpin and dyq, be the smallest and the largest component of d, respectively.
Then

IS

man

> (Comin - MIN{ fynin, 1})"

=8

maxr

Proof. In what follows we shorten pf to p. W.l.o.g. let d1 = dpep and d;, = dppin -
We claim the existence of indices s,t with 1 < s,¢ < n such that f’,(u) # 0 and

n
(5.1) dm_m > (%) .
dmaz dt
To prove that such s,t exist, we use the fact that f is strongly connected, i.e., that
there is a sequence 1 = rq,72,...,7¢ = n with ¢ < n such that fq/"j-#l"‘j (X) is not

!/

constant zero. As p >~ 0, we have Frior,

(pe) # 0. Furthermore

d d, dr,
i:d—;---f,andso

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2304 J. ESPARZA, S. KIEFER, AND M. LUTTENBERGER

dy d dr,_
log — = log —X 4+ ... £ log —=% |
og d. og a, + + log d,

So there must exist a j such that

d
log = < (¢~ 1)log

d_n > d'fj-#l " ]
dy — drj
Hence one can choose s = r;4; and t = r;.
As d is a cone vector, we have f'(u)d < d and thus f,(pu)d; < ds. Hence

T4 T4

< nlog , and so
Ti+1 Ti+1

ds
(52) Pl < 5
t

On the other hand, since f is quadratic, f’ is a linear mapping such that

Falp) =2(bs - py+ -+ by i) + £,
where b1, ...,b, and £ are coefficients of quadratic, respectively, linear, monomials of

Ff. As fL,(n) # 0, at least one of these coefficients must be nonzero and so greater
than or equal to Cpin. It follows that £, (1) > cpmin - Min{fmin, 1}. So we have

(Crmin - TN fpmin, 1})n < (f/st (l"))n
<(%) (by (5.2)
d

mn (by (5.1)). O

Now we can prove Theorem 5.7.
Proof of Theorem 5.7. By Proposition 5.2, f has a cone vector d. Let dpqp =

max;{d;}, dmin = min;{d;}, Amee = max; {“d—ij}, and Apip = ming {“d—{’} We have

)\ma:p max ° dmam dma:p dmin
< £ <as )\maz < and A'm'm > —>

)\min B Hmin * dmin Homin Hmazx

Mmazx
< - = Lemma 5.9) .
Homin * (Coin - I fyin, 1}) ( )

So the statement follows with Proposition 5.6. d

The following consequence of Theorem 5.7 removes some of the parameters on
which the ky from Theorem 5.7 depends.

THEOREM 5.10. Let f be a quadratic, clean, and feasible scSPP, let piyi, and
Lmaz De the minimal and mazimal component of puf, respectively, and let the coeffi-
cients of f be given as ratios of m-bit integers. Then

B(ky +1) > foralli € N
holds for any of the following choices of kg:

1. [4mn + 3nmax{0, —10g tmin } |-
2. 4mn2™.
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Tmn whenever f(0) = 0.
2mn + m whenever both f(0) = 0 and pmas < 1.

Ttems 3 and 4 of Theorem 5.10 apply in particular to termination SPPs of strict
pPDAs (section 2.4); i.e., they satisfy £(0) > 0 and fiar < 1.

To prove Theorem 5.10 we need some relations between the parameters of f. We
collect them in the following lemma.

LEMMA 5.11. Let f be a quadratic, clean, and feasible scSPP. With the termi-
nology of Theorems 5.7 and 5.10 the following relations hold:

1.

G D

Cmin Z 27m,

If £(0) > 0, then wmin > Cmin-

If Ccopin > 1, then pipi, > 1.

If copin < 1, then pimin > cf,;-;l.

If f is strictly quadratic, i.e., nonlinear, then the inequalities cpin < 1 and
Mmaz ~c£:’n"i;2 . min{ufn"i;{ 1} <1 hold.

Proof. We show the relations in turn.

1.

2.

The smallest nonzero coefficient representable as a ratio of m-bit numbers is
1

2’!71 .

As f(0) > 0, in all components ¢ there is a nonzero coefficient ¢; such that

fi(0) = ¢;. We have pf > f(0), so pf; > fi(0) = ¢; > ¢pmin > 0 holds for

all 7. Hence fiyin > 0.

. Let ¢min > 1. Recall the Kleene sequence (k®)en with £®) = £5(0). We

first show by induction on k that for all k¥ € N and all components i either
Hl(-k) = 0 holds or Hgk) > 1. For the induction base we have k(®) = 0. Let

k > 0. Then n§k+1) = fi(k™)) is a sum of products of numbers which are
either coefficients of f (and hence by assumption greater than 1) or which
are equal to ng»k) for some j. By induction, #®) is either 0 or greater than 1.

J
So, /QZ(-IHI) must be 0 or greater than 1.

By Theorem 2.4, the Kleene sequence converges to uf. As f is clean, we
have puf > 0, and so there is a k € N such that (®*) = 1. The statement
follows with pf > Kk

. Let ¢imin < 1. We prove the following stronger statement by induction on k:

For every k with 0 < k < n there is a set S C {1,...,n}, |Sk| = k,
such that pf, > cf,’;;l holds for all s € Si. The induction base (k = 0)
_____ n1\s,) that is obtained
from f(X) by removing the Si-components from f and replacing every Si-
variable in the polynomials by the corresponding component of pf. Clearly,

pf = (nf)q,...m3\s,- By induction, the smallest nonzero coefficient ¢, of f
Qk_l)z =271 Pick a component ¢ with ﬁ(O) > 0.

satisfies Crmin > Cmin (Cmm min
. So set Sky1 := Sk U{i}.

Then puf; > fi(0) > Cpin > 2 1

min

. W.lLo.g. let ez = pfy. The proof is based on the idea that X; indirectly

depends quadratically on itself. More precisely, as f is strongly connected
and strictly quadratic, component 1 depends (indirectly) on some component,
say 4., such that f; contains a degree-2-monomial. The variables in that
monomial, in turn, depend on X;. This gives an inequality of the form
pfy > C-pfy®, implying pf, - C < 1.

We give the details in the following. As f is strongly connected and strictly
quadratic, there exists a sequence of variables X;,,..., X, and a sequence of
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monomials m;,,...,m;. (1 <r <n) with the following properties:
e X;, =Xy,
e m;, is a monomial appearing in f;, (I<u<r),
em;, =ci, - Xi,, 1<u<r),

e m; =c; -Xj - X, for some variables X , Xz, .

Notice that
(5.3) Pomaz = [tf1 2 iy oo Cip Mf.h ’ Mflm
> min(c ., 1) ufs ik, -

Again using that f is strongly connected, there exists a sequence of variables
Xj,,..., X, and a sequence of monomials m;,,...,m; _, (1 <s <n) with
the following properties:

i st = X17

e m;j, is a monomial appearing in f;, (I1<u<s—1),

® mj, = Cj, 'Xju+1 or mj;, = Cj, 'ijl -Xj;+1

for some variable X/ (I<u<s—1).
u+1
Notice that
(5 4) fJ1 ZCjy et Gy min(uminﬂ ) Mfl
. . 1 .
> mln( :Lm.nﬂ ]‘) mln(#’min’ ) Mfl

Similarly, there exists a sequence of variables Xy, ,..., Xk, (1 <t <n) with

Xk, = X1 showing

(55) ,ufkl > Hlin(C?n;;, 1) ' min(:uminv ) ,ufl
Combining (5.3) with (5.4) and (5.5) yields

3n21

:U“mzn :umaz Y

or

(5.6) fimaz - in(c22 1) - min (272 1) < 1.

Now it suffices to show ¢,,i, < 1. Assume for a contradiction that ¢, > 1.
Then, by statement 3, pmm > 1. Plugging this into (5.6) yields pmar <
1. This implies fimaer < fmin, contradicting the definitions of fi,q; and
Hmin - O

Now we are ready to prove Theorem 5.10.
Proof of Theorem 5.10.

1. First we check the case where f is linear; i.e., all polynomials f; have degree

at most 1. In this case, Newton’s method reaches uf after one iteration, so
the statement holds. Consequently, we can assume in the following that f
is strictly quadratic, meaning that f is quadratic and there is a polynomial
in f of degree 2.

By Theorem 5.7 it suffices to show

Hmaz

- . > . 1 n
Hmin " Cpin mln{:umin’l}

log < 4dmn + 3nmax{0, — 1og ftmin } -
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We have
,umaz
1
o8 Hmin - c;lnin : mln{“?mrw 1}
1
< log 4= (Lemma 5.11.5)

Crmin min{/j‘?;rtli;:L? 1}

< 4n-log — log(min{p3" -1 1}) (Lemma 5.11.5: ¢pyin < 1)

min

Cmin

< 4mn — log(min{p3" 1 1}) (Lemma 5.11.1) .

n

If pmin > 1, we have — log(min{u‘:’,znl, 1}) <0, so we are done in this case.
If ppmin < 1, we have —log(min{ufn’zl,l}) = —(3n — 1)1og timin < 3n -
(—log pmin).-

2. By statement 1 of this theorem, it suffices to show that 4mn + 3n max{0,
—10g ftmint < 4mn2™. This inequality obviously holds if fi:, > 1. So let
min < 1. Then, by Lemma 5.11.3, ¢, < 1. Hence, by parts 4 and 1 of
Lemma 5.11, fiymin > cf:i;l > 2-m(2"=1) " Qo we have an upper bound on
— log timin with —10g timin < m(2™ — 1) and get

4dmn + 3nmax{0, — 1og tmin} < 4dmn + 3nm(2" — 1)
< dmn + 4dnm(2" — 1) = 4mn2".

3. Let f(0) > 0. By statement 1 of this theorem it suffices to show that 4mn +
3nmax{0, — log timin } < Tmn holds. By parts 2 and 1 of Lemma 5.11, we have
Lmin = Comin > 27, 80 — 108 fimin < m. Hence, 4mn+ 3n max{0, — 10g timin }
< 4dmn + 3nm = Tmn.

4. Let f(0) = 0 and fiymas < 1. By Theorem 5.7 it suffices to show that

Hmaz

1 <2 .
o8 Hmin * c;lm'n : mln{p’?m.n’ 1} = s
We have
Mmazx

I
o8 Hmin, - Czr’bnin ! min{:u:lnin’ 1}
S —n log Cmin — (n + 1) log Homin (&S Hmin S Hmazx S 1)
< —(2n + 1) log emin (Lemma 5.11.2)
<2mn+m (Lemma 5.11.1). O

5.4. Upper bounds on the least fixed point via Newton approximants.
By Theorem 4.1 each Newton approximant v(*) is a lower bound on pf. Theorems 5.7
and 5.10 give us upper bounds on the error AR = uf —v®) . Those bounds can be
directly transformed into upper bounds on puf, as uf = v*) + A(k); cf. Example 5.8.

Theorems 5.7 and 5.10 allow us to compute bounds on A even before the
Newton iteration has been started. However, this may be more than we actually
need. In practice, we may wish to use an iterative method that yields guaranteed
lower and upper bounds on pf that improve during the iteration. The following
theorem and its corollary can be used to this end.

THEOREM 5.12. Let f be a quadratic, clean, and feasible scSPP. Let 0 < x < uf
and x < f(x) such that f'(x)* ewists. Let Cpin be the smallest nonzero coefficient
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of f, and let pyn be the minimal component of uf. Then

||,U“.f_./\/'(.’13)HOO = (szn mln{umznal}) .

We prove Theorem 5.12 at the end of the section. The theorem can be applied
to the Newton approximants.

THEOREM 5.13. Let f be a quadratic, clean, and feasible scSPP. Let ¢pn be
the smallest nonzero coefficient of f, and let piymin be the minimal component of uf.
For all Newton approzimants v®) with v®) = 0, let Vf,]fzn be the smallest coefficient
of v'"®). Then

[~ v

(cmm . min{l/f,]fi)n, 1})

v <pf<v® 4

where [s] denotes the vector @ with x; = s for all 1 < j < n.
Proof. Theorem 5.12 applies, due to Theorem 4.1, to the Newton approximants
with = v~ So we get

) — w0

IN

_ <k>H
Hﬂf Y e (Cmin - Min{ fpmin, 1}1)"

o~y
B (cmm . min{l/f,]fi)n, 1})71

Hence the statement follows from v < pf. O
Ezample 5.14. Consider again the equation X = f(X) from Examples 2.9
and 5.8:

(as vF) < puf) .

X1 0.4X2X; 4+ 0.6
Xo | =(03X1X24+0.4X3X540.3
XB 0.3X1X3 + 0.7

Again we wish to verify that there is no component s € {1,2,3} with uf, = 1.
Performing 10 Newton steps yields an approximation (19 to uf with

0.9828 0.9829
0.9738 | < (19 < [ 0.9739
0.9926 0.9927

Further, it holds that Hu(lo) — V(Q)HOO < 2-.1075. So we have

[0 — O 5. 106
(cnin - minfu!2,13)" ~ ©3-097)

and hence by Theorem 5.13

- < 0.00009,

0.983
v10 < <09 40.00009] < [ 0.974
0.993

In particular we know that uf, < 1 for all three components s.
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60 X
+
50
40
X
30
+
20 X
X +
10 pluwe’r(k) %
x X +
X
Ix x X + + T
0 + + Pupper (k)
L+
—-101 +
1 2 4 5 6 7 8 9 10 11 12
k

F1G. 5.2. Number of valid bits of the lower (X ) and upper (+) bounds on pf,; see Ezample 5.15.

Example 5.15. Consider again the SPP f from Example 5.14. Setting

) - v

w8 |
(0.3-5%.)

Theorem 5.13 guarantees
v(F) <uf < u®

Let us measure the tightness of the bounds v*) and ) on pf in the first component.
Let

k
plower(k) = logZ(,u.fl - V£ ))’
k
puppcr(k) = 10g2(u§ ) ,U*.fl) :
Roughly speaking, Vik) and ugk) have piower (k) and pypper(k) valid bits of pf, re-
spectively. Figure 5.2 shows piower (k) and pypper(k) for k € {1,...,11}.

It can be seen that the slope of pjower (k) is approximately 1 for k = 2,...,6. This
corresponds to the linear convergence of Newton’s method according to Theorem 5.7.
Since Id — f'(uf) is nonsingular,® Newton’s method actually has, asymptotically, an
exponential convergence order; cf. Theorem 4.11. This behavior can be observed in
Figure 5.2 for k > 7. For pupper, we roughly have (using v*) ~ uf)

3
pupper(k) R Plower (k — 1) + log (03 ’ Vﬁr]zcz)n) R Plower(k —1) = 5.

3Tn fact, the matrix is “almost” singular, with det(Id — f’(uf)) ~ 0.006.
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The proof of Theorem 5.12 uses techniques similar to those of the proof of Theo-
rem 5.7, in particular Lemma 5.9.

Proof of Theorem 5.12. By Proposition 5.2, f has a cone vector d. Let dp
and d,,q; be the smallest and the largest component of d, respectively. Let Apq0 :=

maxj{“fé;wj }, and w.l.o.g. let Apor = %:wl, We have > uf — Anaed, SO we can

apply Lemma 5.4 to obtain N'(x) > uf — $Amazd. Thus

1 1 1
||N($) - wHoo 2 (N(CIZ) - m)l 2 /jffl - 5/\maxd1 — T = 5)\mazdl 2 §Amaxdmin .

On the other hand, with Lemma 4.5 we have 0 < pf — N (z) < %)\mmd and so
[inf = N(@)l|l o < 2Amazdmas. Combining those inequalities, we obtain

(@)~ 2l . doin
Hluf _N(x)”()o o dmaz
Now the statement follows from Lemma 5.9. 0

6. General SPPs. In section 5 we considered strongly connected SPPs; see Defi-
nition 2.6. However, it is not always guaranteed that the SPP f is strongly connected.
In this section we analyze the convergence speed of two variants of Newton’s method
that both compute approximations of pf, where f is a clean and feasible SPP that
is not necessarily strongly connected (“general SPPs”).

The first one was suggested by Etessami and Yannakakis [16] and is called de-
composed Newton’s method (DNM). It works by running Newton’s method separately
on each SCC; see section 6.1. The second one is the regular Newton’s method from
section 4. We will analyze its convergence speed in section 6.2.

The reason we first analyze DNM is that our convergence speed results about
Newton’s method for general SPPs (Theorem 6.5) build on our results about DNM
(Theorem 6.2). From an efficiency point of view it actually may be advantageous to
run Newton’s method separately on each SCC. For those reasons DNM deserves a
separate treatment.

6.1. Convergence speed of DNM. DNM, originally suggested in [16], works
as follows. It starts by using Newton’s method for each bottom SCC, say S, of
the SPP f. Then the corresponding variables X g are substituted for the obtained
approximation for uf g, and the corresponding equations X g = f4(X) are removed.
The same procedure is then applied to the new bottom SCCs, until all SCCs have
been processed.

Etessami and Yannakakis did not provide a particular criterion for the number of
Newton iterations to be applied in each SCC. Consequently, they did not analyze the
convergence speed of DNM. We will treat those issues in this section, thereby taking
advantage of our previous analysis of scSPPs.

We fix a quadratic, clean, and feasible SPP f for this section. We assume that we
have already computed the DAG of SCCs. This can be done in linear time in the size
of f. To each SCC S we can associate its depth t: it is the longest path in the DAG
of SCCs from S to a top SCC. Notice that 0 <t <n—1. We write SCC(t) for the set
of SCCs of depth ¢t. We define the height h(f) as the largest depth of an SCC and
the width w(f) := max,; |[SCC(t)| as the largest number of SCCs of the same depth.
Notice that f has at most (h(f) + 1) - w(f) SCCs. Further we define the component
sets [t] := Ugesce( S and [>t] := U, [t'] and similarly [<¢].
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function DNM (f,4) /* The parameter i controls the precision. */
for ¢t from h(f) downto 0

forall S € SCC(t) /* for all SCCs S of depth t */
pg) = N}st (0) /* perform i - 2' Newton iterations */
Ficy = Fi<y [S/pg)] /* apply pg) in the upper SCCs */

return p(i)

F1G. 6.1. Decomposed Newton’s method (DNM) for computing an approzimation pD of uf.

Figure 6.1 shows our version of DNM. We suggest running Newton’s method in
each SCC S for a number of steps that depends (exponentially) on the depth of S
and (linearly) on a parameter ¢ that controls the precision.

PROPOSITION 6.1. The function DNM(f,i) of Figure 6.1 runs at most i - w(f) -
M(F)HL < .. 2" Gterations of Newton’s method.

Proof. The number of iterations is ij} |SCC(t)| - i -2t This can be estimated
as follows:

h(f) h(f)
dolsce) i 2t <w(f) iy 2
t=0 t=0

< w(f) g oh(H)+1
<i-n-2" (as w(f) <n and h(f) <n). O

The following theorem states that DNM has linear convergence order.

THEOREM 6.2. Let f be a quadratic, clean, and feasible SPP. Let p() denote
the result of calling DNM(f, 1) (see Figure 6.1). Let 3, denote the convergence order
of (pD)ien. Then there is a kg € N such that B,(kyg +14) > for all i € N.

Theorem 6.2 can be interpreted as follows: Increasing ¢ by one yields asymptot-
ically at least one additional bit in each component and, by Proposition 6.1, costs
at most n - 2" additional Newton iterations. Notice that for simplicity we do not
take into account here that the cost of performing a Newton step on a single SCC is
not uniform, but rather depends on the size of the SCC (e.g., cubically if Gaussian
elimination is used for solving the linear systems).

For the proof of Theorem 6.2, let A" denote the error when running DNM with
parameter i, i.e., A = uf — p. Observe that the error A% can be understood
as the sum of two errors:

A= pf = pl = (u— ")+ @ o),

where ﬁff]) = u(f[t][[>t]/pfi)t]]); ie., ﬁf:]) is the least fixed point of f}; after the
approximations from the lower SCCs have been applied. So, Afz]) consists of the
propagation error (pufy — ﬁfz])) (resulting from the error at lower SCCs) and the
approximation error (ﬁfz]) — pfti])) (resulting from the newly added error of Newton’s
method on level t).

The following lemma gives a bound on the propagation error.

LEMMA 6.3 (propagation error). There is a constant Cy > 0 such that

Hﬂf[t] - ﬁ[t] <Cf¢- Hﬂf[>t] — P>y
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holds for all p~y with 0 < psy < pf sy, where iy = p(Fl[>t]/Pql)-

Roughly bpeakmg7 Lemma 6 3 statee that if Py Y 1] has k valid bits of pJf1>y), then
uft]) has at least about k/2 valid bits of ;. In other words (at most) one- half of the
valid bits are lost on each level of the DAG due to the propagation error. The proof
of Lemma 6.3 is technically involved and, unfortunately, not constructive in that we
know nothing about Cy except for its existence. Therefore, the statements in this
section are independent of a particular norm. The proof of Lemma 6.3 can be found
in Appendix A.

The following lemma gives a bound on the error ||A(1)H on level ¢, taking both

the propagation error and the approximation error 1nto account
LEMMA 6.4. There is a C¢ > 0 such that |A || <2002 for glli € N

Proof. Let f[t] = full> t]/p[>t] Observe that the coefficients of f ) and

( )
[>1]
monotonically increasing as well. Consider an arbitrary depth ¢ and choose real
numbers ¢y > 0 and fim, > 0 and an integer ¢g such that, for all i > ig, cpmin and

Mmin are lower bounds on the smallest nonzero coefficient of f[t] and the smallest
~(4)

thus its least fixed point uft]) are monotonically increasing with ¢, because p is

coefficient of n By respectively. Let finq; be the largest component of pfp. Let
k= {n -log ” ‘.‘;‘S;{M 1}1. Then it follows from Theorem 5.7 that performing

k + j Newton iterations (7 > 0) on depth ¢ yields j valid bits of ﬁ&) for any i > ig.
In particular, k +1i - 2t Newton iterations give i - 2¢ valid bits of ﬁfti]) for any i > ip.
So there exists a constant ¢; > 0 such that, for all i > i,

(@)

(6.1) Hp,[t] — Py < ger—i2’

because DNM (see Figure 6.1) performs i - 2¢ iterations to compute pg), where S is
an SCC of depth ¢. Choose ¢; large enough such that (6.1) holds for all ¢« > 0 and all
depths t.

Now we can prove the theorem by induction on ¢. In the base case (t = h(f))

there is no propagation error, so the claim of the lemma follows from (6.1). Let
t < h(f). Then

~ (@) (@)

HA “[t] “H ”H
< Hﬂf - pfl]
< |ty - By + 22 (by (6.1))
<o H 0, H o= (Lemma 6.3)
< e - \/Qea—i2tH1 | ger—i2’ (induction hypothesis)
< 2cri»2t
for some constants cs, c3, cq4 > 0. O

Now Theorem 6.2 follows easily.
Proof of Theorem 6.2. From Lemma 6.4 we deduce that for each component j € [¢]
there is a ¢; such that

(uf; = p§) /gy < 209772 <90
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Let kg > cj for all 1 < j <mn. Then
(ufj — oS Jug, <200k <2=i 0 g
Notice that, unfortunately, we cannot give a bound on kg, mainly because Lemma
6.3 does not provide a bound on CY.

6.2. Convergence speed of Newton’s method. We use Theorem 6.2 to prove
the following theorem for the regular (i.e., not decomposed) Newton sequence (v(*));cy.

THEOREM 6.5. Let f be a quadratic, clean, and feasible SPP. There is a threshold
ky € N such that B(ky +i-n-2") > B(ks +i- (h(f) + 1) -2 >4 for all i € N.

In the rest of the section we prove this theorem by a sequence of lemmas. The
following lemma states that a Newton step is not faster on an SCC if the values of
the lower SCCs are fixed.

LEMMA 6.6. Let f be a clean and feasible SPP. Let 0 < & < f(x) < pf such
that f'(x)* ewists. Let S be an SCC of f and let L denote the set of components that
are not in S, but on which a variable in S depends. Then (N¢(x))s > Ny (L/x,](®s)-

Proof.

Wy (@))s = (f' ()" (f(x) —x))
= f'(@)ss(f(@) — 2)s + f' ()5 (F(2) — 2)L
F(@)ss(f(x) —z)s

Recall Lemma 4.9, which states that the Newton operator A is monotone. This
fact and Lemma 6.6 can be combined in order to obtain the following lemma stating
that i- (h(f)+1) iterations of the regular Newton’s method “dominate” a decomposed
Newton’s method that performs ¢ Newton steps in each SCC.

LEMMA 6.7. Let o9 denote the result of a decomposed Newton’s method which
performs i iterations of Newton’s method in each SCC. Let v denote the result of i
iterations of the reqular Newton’s method. Then v (h(H)+1) > v,

Proof. Let h = h(f). Let [t] and [>t] again denote the set of components of depth
t and > t, respectively. We show the following by induction on the depth t¢:

VEZ] (h+1—t)) > VEZ])
The induction base (t = h) is clear, because for bottom SCCs the two methods are
identical. Now let t < h. Then

i-(h+1— i i-(h—
P00 _ (e -0))

i (i-(h—1))
2N gy @) (Lemma 6.6)

(i'(h*t)))

Vi (induction hypothesis)

> N? .
= f[t]n>t]/l7f;m(

> N ; .
> me[[>t]/'7f;)t]] (0rg) (Lemma 4.9)

= 17&) (definition of ﬁ(i)).

Now, the lemma itself follows by using Lemma 4.9 once more. O
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As a side note, observe that the above proof of Lemma 6.7 implicitly benefits
from the fact that SCCs of the same depth are independent. So, SCCs with the same
depth are handled in parallel by the regular Newton’s method. Therefore, w(f), the
width of f, is irrelevant here (cf. Proposition 6.1).

Now we can prove Theorem 6.5.

Proof of Theorem 6.5. Let ko be the k¢ of Theorem 6.2, and let k; = ko (h(f)+1)
- 2"(f)| Then we have

PRt (h(@+D)2"D) (ke +i)-(h(£)+1)-2"F)

> p((ka40)2"0) (Lemma 6.7)
> p(kz +1) ’
where the last step follows from the fact that DNM( f, ky+4) runs at most (ko4i)-2"(F)

iterations in every SCC. By Theorem 6.2, p(*2+9) and hence v(*¥1+i-(h(H)+1)-2"") haye
1 valid bits of pf. Therefore, Theorem 6.5 holds with k¢ = k. O

7. Upper bounds on the convergence. In this section we show that the lower
bounds on the convergence order of Newton’s method that we obtained in the previous
section are essentially tight, meaning that an exponential (in n) number of iterations
may be needed per bit.

More precisely, we expose a family (f (n))n21 of SPPs with n variables, such that
more than k-2"~1! iterations are needed for k valid bits. Consider the following system:

4 3%
1X7+ %X1X2 + 1 X3
(7.1) X =f(x) =
X2 1 +3 Xn 1 Xn + 1 X2
The only solution of (7.1) is uf™ = (1,...,1)T. Notice that each component of £

is an SCC. We prove the following theorem.
THEOREM 7.1. The convergence order of Newton’s method applied to the SPP f(")
from (7.1) (with n > 2) satisfies

B(k-2""Y) <k for all k € {1,2,...}.

In particular, B(2"~1) = 0.
Proof. We write f := f(”) for simplicity. Let

Al = puf —v® (1,...,1)T—V(i).

Notice that (V%i))ieN = (0, ;, Z, g, ...), which is the same sequence as obtained by
applying Newton’s method to the 1-dimensional system X; = % + %X% So we have
Agl) = 27" i.e., after i iterations we have exactly 7 valid bits in the first component.

We know from Theorem 4.1 that for all j with 1 < j < n — 1 we have 1/(21 <
fim(v®) = %(V;Z)y + %VJ(Z) M 41 1( ;21) and 1/()1 < 1. Tt follows that V;?l
is at most the least solution of XJ+1 = %( ® )2+ 2V(Z)XJH + 1(X;41)?%, and so

J
(i @ _ A M
AW > 2 /A AW S A,
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By induction it follows that Aﬁl > (Agi))w. In particular,

on—1 f.on—1 2=(n=1 _L.on—1 9—(n—1) _
A2 >>(A§ )) _ g—k2" 12 _ ok,
Hence, after k- 2771 iterations we have fewer than k valid bits. O

Notice that the proof exploits that an error in the first component gets “amplified”
along the DAG of SCCs. One can also show along those lines that computing puf is
an ill-conditioned problem: Consider the SPP g(™¢) obtained from f (n) by replacing
the first component by 1 — & where 0 < e < 1. If ¢ = 0, then (ug("’a))n = 1, whereas
ife = 22%1, then (ug(™9)),, < % In other words, to get 1 bit of precision of ug, one
needs exponentially in n many bits in g. Note that this observation is independent
from any particular method to compute or approximate the least fixed point.

8. Geometrical aspects of SPPs. As shown in section 4.4 we can assume that
f consists of quadratic polynomials. For quadratic polynomials the locus of zeros is
also called a quadric surface, or more commonly quadric. Quadrics are one of the
most fundamental class of hypersurfaces. It is therefore natural to study the quadrics
induced by a quadratic SPP f and how the Newton sequence is connected to these
surfaces.

Let us write g for f — X. Every component ¢; of q is also a quadratic polynomial
each defining a quadric denoted by

Qi ={z € R" | ¢i(z) = fi(z) — z; = 0}.

Finding pf thus corresponds to finding the least nonnegative point of intersection of
these n quadrics Q;.
Example 8.1. Consider the SPP f given by

1vy2 1y2 1

X2 4 1y? 42

— 2 4 4
f(X’Y)_(§X+§XY+iY2+§)

leading to

w(X,Y) = %Xz + EYQ + % —X and @(X,)Y)= iX+ %XY+ iyz + % Y.
Using standard techniques from linear algebra, one can show that ¢; defines an ellipse,
while g2 describes a parabola (see Figure 8.1).

Figure 8.1 shows the two quadrics induced by the SPP f discussed in the example
above. In Figure 8.1 (a) one can recognize one of the two quadrics as an ellipse, while
the other one is a parabola. In this example the Newton approximants (depicted as
crosses) stay within the region enclosed by the coordinate axes and the two quadrics
as shown in Figure 8.1 (b).

In this section we want to show that the image depicted in the figure in principle
is the same for all clean and feasible scSPPs. That is, we show that the Newton
(and Kleene) approximants always stay in the region enclosed by the coordinate axes
and the quadrics. We characterize this region and study some of the properties of
the quadrics restricted to this region. This eventually leads to a generalization of
Newton’s method (Theorem 8.13). We close the section by showing that this new
method converges at least as fast as Newton’s method. All missing proofs can be
found in Appendix B.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2316 J. ESPARZA, S. KIEFER, AND M. LUTTENBERGER

Fic. 8.1. (a) The quadrics induced by the SPP from Ezample 8.1 with “gr =07 an ellipse and

“g2 = 07 a parabola. (b) Close-up view of the region important for determining pf. The crosses
show the Newton approximants of uf.

0,57

0,4

0,3

0,2

0,1

Fi1G. 8.2. The normals (scaled down) of the quadrics from Example 8.1.

Let us start with the properties of the quadrics @@;. We restrict our attention to
the region [0, uf). For this we set

M;:==Q;N[0,uf) ={x €[0,uf) | q(z) =0}

We start by showing that for every @ € M; the gradient ¢}(x) in @ at M; does not
vanish. As ¢}(x) is perpendicular to the tangent plane in @ at M;, this means that the
normal of the tangent plane is determined by ¢.(x) (up to orientation). See Figure 8.2
for an example. This will later allow us to apply the implicit function theorem.

LEMMA 8.2. For every quadric q; induced by a clean and feasible scSPP f we
have

q(z) = (0x,qi(x), 0x,qi(x), ..., 0x,qi(x)) #0 and Ix,q;(x) <0 for allx € [0, uf).
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In the following, for ¢ € {1,...,n} we write x_; for the vector (z1,...,xi—1,Tit1,
..., xy) and define (x_;, z;) to also denote the original vector x.

We next show that there exists a complete parametrization of “the lower part”
of M;. By “lower part” we refer to the set

Si::{:vEMi|Vy6Mi:(m,i:yfi)éxigyi},

i.e., the points € M; such that there is no point y with the same non-i-components
but smaller i-component. Taking a look at Figure 8.1, the surfaces S7 and S5 are those
parts of My, respectively, My, which delimit that part of R2>0 shown in Figure 8.1 (b).
If x € S;, then x; is the least nonnegative root of the (at most) quadratic polyno-
mial ¢;(X;,x_;). As we will see, these roots can also be represented by the following
functions.
DEFINITION 8.3. For a clean and feasible scSPP f we define for all k € N the

polynomaial hl(-k) by
MO (X i) = flif0(X ), WX i) = il (X)X ).
The function h;(X) is then defined pointwise by

hi(@_;) == lim A" (z_;)
k—o00
for all x_; € [0, uf_,].

We show in Appendix B (see Proposition B.1) that the function h; is well-defined
and exists. We therefore can parameterize the surface S; w.r.t. the remaining variables
X _;; i.e., h; is the “height” of the surface S; above the “ground” X; = 0.

By the preceding proposition the map

P [0,uf_;) = [0, nf] i (21, w1, hi(® i), Tign, - Tn)

gives us a pointwise parametrization of S;. We want to show that p, is continuously
differentiable. For this it suffices to show that h; is continuously differentiable, which
follows easily from the implicit function theorem (see, e.g., [30]).

LEMMA 8.4. h; is continuously differentiable with

Ox, fi(@)  Ox,q:(x)

Ox. hi(x_;) = —
hi(@-d) = 5 @ —oxa(@)

forx € 8; and j # i.

In particular, 8Xj h; is monotonically increasing with x.
COROLLARY 8.5. The map

P [0,uf ;) = [0,uf] i@y = (21, @im1, hi(T—i), Tigr,s -, Tn)

is continuously differentiable and a local parametrization of the manifold S;.
Ezample 8.6. For the SPP f defined in Example 8.1 we can simply solve ¢1 (X, Y)
for X, leading to
1
h(Y)=1- 5(1 —-Y?2).
The important point is that by the previous result we know that this function has to
be defined on [0, puf5], and differentiable on [0, uf5). Similarly, we get

1. 1
ha(X) =2 5 X — oV/X2 - 12X 412

2
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Figure 8.1 (b) conveys the impression that the surfaces S; are convex w.r.t. the
parameterizations p;. As we have seen, the functions h; are monotonically increasing.
Thus, in the case of two dimensions the functions h; even have to be strictly mono-
tonically increasing (as f is strongly connected), so that the surfaces S; are indeed
convex. (Recall that a surface S is convex in a point & € S if S is located completely
on one side of the tangent plane at S in «.) But in the case of more than two variables
this no longer needs to hold.

Ezxample 8.7. The equation

1., 3 1., 1
Z—8X +4XY—|—8Y +4
is an admissible part of any SPP. It defines the hyperbolic paraboloid depicted in
Figure 8.3, which is clearly not convex.

Fic. 8.3. (a) The hyperbolic paraboloid defined by Z = $X? + 3XY + $Y2 + 1 for X,Y,Z €
[-=10,10]. (b) A visualization of an SPP consisting of three copies of the quadric of (a) with pf =

%, %, %) the upper apezr. (c) One of the three quadrics of (b) over [0, uf]. Clearly, even limited to
this range the surface is not convex.

Still, as shown in Lemma 2.3 it holds for all 0 < & < y that
z+ f'(x) y< flz+y).

It now follows (see the following lemma) that the surfaces S; have the property that
for every « € [0, uf) the “relevant” part of S; for determining uf, i.e., S; N [z, uf],
is located on the same side of the tangent plane at S; in @ (see Figure 8.4).

LEMMA 8.8. For all x € S; we have

for all y € S [, 1f) - ¢l(x) - (y — x) < 0.
In particular

for all y € S; N[z, uf] :yi > @i + Zaxjhi(fc—i) (y; — x5).
J#i

Consider now the set

R:= ﬂ{m €0,uf) |z < hi(x_y)},

=1
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0,57 |

0-r T T T T T T T T
020 022 024 026 028 030 032 034 036
X

Fic. 8.4. The graphic shows the quadric defined by q1 = 0 with the tangent and normal in x
at S1. Every point y of S1 above x is located on the same side of the the tangent. More precisely,
we have Vqi|z - (y —x) < 0.

i.e., the region of [0, uf) delimited by the coordinate axes and the surfaces S;. Note
that the gradient ¢(x) for @ € S; points from S; into R (see Figure 8.2).
PROPOSITION 8.9. It holds that

reER&xel0,uf)Ag(x)>0.

From this last result it now easily follows that R is indeed the region of [0, uf)
in which all Newton and Kleene steps are located.

THEOREM 8.10. Let f be a clean and feasible scSPP. All Newton and Kleene
steps starting from 0 lie within R, i.e.,

v kW e R (for alli € N).

Proof. For an scSPP we have (), v(®) € [0, uf) for all i. Further, k(¥ < g+ =
F(®) and v < f(¥®) holds for all 4, too. |

In the rest of this section we will use the results regarding R and the surfaces .S;
for interpreting Newton’s method geometrically and for obtaining a generalization of
Newton’s method.

The preceding results suggest another way of determining pf (see Figure 8.5): Let
a be some point inside of R. We may move from « onto one of the surface S; by going
upward along the line @ + t - e;, which gives us the point p;(z_;) = (x_;, hi(x_;)).
As x € R, we have x, p,(x_;) < puf. Consider now the tangent plane

Tile = {y € R" | ¢i(p;(x—0)) - (y — pi(@—:)) = 0}
at S; in p;(x_;). Recall that by Lemma 8.8 we have
for all y € S N [p;(z—i), uf) : 4 (Pi(x-i)) - (y — py(—i)) < 0;

i.e., the part of S; relevant for determining uf is located completely below (w.r.t.
¢;((Op;(x_;))) this tangent plane. By continuity this also has to hold for y = pf.
Hence, when taking the intersection of all the tangent planes 737 to T), this gives us
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F1G. 8.5. Given a point x inside of R the intersection of the tangents at the quadrics in the
points p1(x2), respectively, pa(z1), is also located inside of R, yielding a better approximation of

wf.

again a point 7 (x) inside of R. That this point 7 (z) exists and is uniquely determined
is shown in the following lemma.

LEMMA 8.11. Let f be a clean and feasible scSPP. Let &), ... x™ e [0, f).
Then the matrix

¢ (z™M)

¢, (z™)

is reqular; i.e., the vectors {¢i(x™) |i=1,...,n} are linearly independent.

By this lemma the normals at the quadrics in the points p;(z_;) for € [0, uf)
are linearly independent. Thus, there exists a unique point of intersection of tangent
planes at the quadrics in these points. Of course, in general the values h;(x_;) can
be irrational. The following definition takes this in account by requiring only that
underapproximations 7; of h;(x_;) are known.

DEFINITION 8.12. Let ® € R. Fori=1,...,n fixt some n; € [z;,h;(x_;)], and
setm = (n,...,nm). We then let Ty(x) denote the solution of

Gi((x—i,n)(X = (x—iymi)) = —qi((x—i,m)) (i=1,...,n).

We drop the subscript and simply write T in the case of n; = hi(x—_;) fori=1,...,n.
Note that the operator 7 is the Newton operator .
THEOREM 8.13. Let f be a clean and feasible scSPP. Letx € R. Fori=1,...,n
fix some n; € [x;, hi(x_;)], and set m = (m1,...,mm). We then have

x < N(x) < Ty(x) <T(x) < pf.

Further, the operator T is monotone on R; i.e., for any y € R with x < y it holds
that T (x) < T (y).

By Theorem 8.13, replacing the Newton operator AV by T gives a variant of
Newton’s method which converges at least as fast.

We do not know whether this variant is substantially faster. See Figure 8.6 for a
geometrical interpretation of both methods.
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Fic. 8.6. Geometrical interpretation of Newton’s method: (a) Given a point ® € R, Newton’s
method first considers the “enlarged” quadrics defined by q;(X) = qi(x) (dashed and dotted) which
contain the current approzimation ®. (b) Then the tangents in @ at these enlarged quadrics are
computed (dotted), i.e., ¢i(x) - (X — @) = 0. (c) Finally, these tangents are corrected by moving
them towards the actual quadrics, i.e., ¢;(x)- (X —a) = —qi(x). The intersection of these corrected
tangents gives the next Newton approzimation. (d) A comparison between N (x) and T (x): N(x),
respectively, T (x), is given by the intersection of the dotted, respectively, dashed lines. Clearly, we

have N(z) < T (x).

9. Conclusions. We have studied the convergence order and convergence rate of
Newton’s method for fixed-point equations of systems of positive polynomials (SPP
equations). These equations appear naturally in the analysis of several stochastic
computational models that have been intensely studied in recent years, and they also
play a central role in the theory of stochastic branching processes.

The restriction to positive coefficients leads to strong results. For arbitrary poly-
nomial equations Newton’s method may not converge or may converge only locally,
i.e., when started at a point sufficiently close to the solution. We have extended a
result by Etessami and Yannakakis [16] and shown that for SPP equations the method
always converges starting at 0. Moreover, we have proved that the method has at least
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linear convergence order and have determined the asymptotic convergence rate. To
the best of our knowledge, this is the first time that a lower bound on the convergence
order is proved for a significant class of equations with a trivial membership test.*
Finally, in the case of scSPPs we have also obtained upper bounds on the threshold,
i.e., the number of iterations necessary to reach the “steady state” in which valid bits
are computed at the asymptotic rate. These results lead to practical tests for checking
whether the least fixed point of a strongly connected SPP exceeds a given bound.

It is worth mentioning that in a recent paper we study the behavior of Newton’s
method when arithmetic operations only have a fixed accuracy [8]. We develop an
algorithm for a relevant class of SPPs that computes iterations of Newton’s method
increasing the accuracy on demand. A simple test applied after each iteration decides
if the round-off errors have become too large, in which case the accuracy is increased.

There are still at least two important open questions. The first one is, can one
provide a bound on the threshold valid for arbitrary SPPs, and not only for strongly
connected ones? Since SPPs cannot be solved exactly in general, we cannot first
compute the exact solution for the bottom SCCs, insert it in the SCCs above them,
and iterate. We can only compute an approximation, and we are not currently able
to bound the propagation of the error. For the second question, say that Newton’s
method is polynomial for a class of SPP equations if there is a polynomial p(x,y, z)
such that for every k& > 0 and for every system in the class with n equations and
coefficients of size m, the p(n, m, k)th Newton approximant v (%)) has k valid bits.
We have proved in Theorem 5.10 that Newton’s method is polynomial for strongly
connected SPPs f satisfying f(0) > 0; for this class one can take p(n, m, k) = Tmn+k.
We have also exhibited in section 7 a class for which computing the first bit of the
least solution takes 2™ iterations. The members of this class, however, are not strongly
connected, and this is the fact we have exploited to construct them. So the following
question remains open: Is Newton’s method polynomial for strongly connected SPPs?

Appendix A. Proof of Lemma 6.3. The proof of Lemma 6.3 is by a sequence
of lemmas. The proof of Lemma A.2 and, consequently, the proof of Lemma 6.3 are
nonconstructive in the sense that we cannot give a particular C'r. Therefore, we often
use the equivalence of norms, disregard the constants that link them, and state the
results in terms of an arbitrary norm.

First we prove the following lemma on cone vectors.

LEMMA A.1. Let f be a clean and feasible scSPP and let d > 0 with f'(uf)d < d.
Then d is a cone vector, i.e., d = 0.

Proof. Since f is an SPP, every component of f'(uf) is nonnegative. So,

0< f'(uf)'d< fl(pf)"td<-- < fl(uf)d < d.

W.lo.g. let d; > 0. As f is strongly connected, there is for all j with 1 < j < n an
r; < n such that (f'(uf)");1 > 0. Hence, (f'(uf)"d); > 0 for all j. With the above
inequality chain, it follows that d; > (f'(uf)™d); > 0. So, d > 0. O

The following two lemmas, Lemmas A.2 and A.3, provide a lower bound on
|| f(x) — x| for an “almost-fixed-point” x.

LEMMA A.2. Let f be a quadratic, clean, and feasible SPP without linear terms,
e, f(X)=B(X,X)+c, where B is a bilinear map, and ¢ is a constant vector. Let

4Notice the contrast with the classical result stating that if (Id — f/(uf)) is nonsingular, then
Newton’s method has exponential convergence order; here the membership test is highly nontrivial,
and, as far as we know, as hard as computing puf itself.
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f(X) be nonconstant in every component. Let RUS = {1,...,n} with S # 0. Let
every component depend on every S-component and not on any R-component. Then
there is a constant Cy > 0 such that

1 (uf = 8) = (uf = 8)| = Cy - 8]

for all & with 0 <& < uf.
Proof. With the given component dependencies we can write f(X) as follows:

o0 = (168) - (G X0 )

A straightforward calculation shows
e(0) = f(uf — &) — (uf — ) = (Id — f'(uf))d + B(3,9) .
Furthermore, Ox ,, f is constant zero in all entries, so

er(6) =0r — Ox s fr(nf) - ds + Br(ds,ds),
es(6) =05 — Oxsfs(uf) s+ Bs(ds,05s) .
Notice that for every real number r > 0 we have

e
o<s<uf.lsl=r |6

)

because otherwise uf — d < pf would be a fixed point of f. We have to show

e(d
0<6<uf,[[6]>0 ||5||

Assume, for a contradiction, that this infimum equals zero. ~ Then there exists a
sequence (8W);cy with 0 < 6@ < uf 6@ > 0 such that lim;_. |67 = 0

and lim; ”Fé‘f;;l)‘g” = 0. Define @ := ||| and d@ = %. Notice that
dV e {d e R%, | ld| = 1} =: D, where D is compact. So some subsequence

of (d(i))ieN, say w.l.o.g. the sequence (d(i))ieN itself, converges to some vector d* € D.
By our assumption we have

(A.1) He(a@)H / Ha@

2 1 , L

= H 7 (1d = f'(uf)d? + B(d", d%H —0.
r K3

As B(d¥,d") is bounded, T(%)(Id — F'(uf))d™” must be bounded, too. Since r®

converges t0 0, ||(Id — f'(uf))d™ | must converge to 0, so

(1d— '(uf))d" =0.

In particular, ((Id — f'(uf))d") , = di — x5 fr(uf) - ds = 0. So we have dg > 0,
because dg = 0 would imply dj, = 0, which would contradict d* > 0.

In the remainder of the proof we focus on f¢. Define the scSPP g(X g) := fg(X).
Notice that pg = pfg. We can apply Lemma A.1 to g and dg and obtain dg > 0.

As fg(X) is nonconstant we get Bg(dg, ds) = 0. By (A.1), -5 (Id — g'(ug))dg)
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converges to —Bg(dg,dg) < 0. So there is a j € N such that (Id — g’(ug))d(sj) =< 0.
Let & := rd"”) for some small enough r > 0 such that 0 < §g < g and

es(d) = (1d - g'(1g))ds + Bs (85, ds)
=r(1d - g'(ug))dy’ +r*Bs(dy’,dY) < 0.

So we have g(ug — 55) < g — 5. However, g is the least point = with glx) <x.
Thus we get the desired contradiction. O

LEMMA A.3. Let f be a quadratic, clean, and feasible scSPP. Then there is a
constant Cy > 0 such that

£ (uf =) = (uf = 8)| = Cy - 18]
for all & with 0 < & < uf.
Proof. Write f(X) = B(X,X)+ LX + c for a bilinear map B, a matrix L, and
a constant vector c¢. By Theorem 4.1.2. the matrix L* = (Id — L)~! = (Id — f/(0))~*
exists. Define the SPP f(X) := L*B(X,X) + L*c. A straightforward calculation
shows that the sets of fixed points of f and } coincide and that

Fluf = 8) = (uf —8) = (1d = L) (F(uf —8) — (uf = 9)) -

Further, if 0,,(Id — L) denotes the smallest singular value of Id — L, we have by basic
facts about singular values (see [22, Chapter 3]) that

|1a= 1) (Fuf =) = (uf =) |, = ouid = L) [ Fuf = 8) — (uF = 8)], -
Note that o, (Id — L) > 0 because Id — L is invertible. So it suffices to show that
|Fus = 8) = (uf = 8)|| = Cs - 161 -

If £(X) is lincar (i.c., B(X,X) = 0), then f(X) is constant and we have || f(uf —
d) — (uf — 8)|| = ||8]|, so we are done in that case. Hence we can assume that some
component of B(X, X) is not the zero polynomial. It remains to argue that f satisfies
the preconditions of Lemma A.2. By definition, } does not have linear terms. Define

S:={i|1<i<mn, X;is contained in a component of B(X, X)} .

Notice that S is nonempty. Let ig,41,.-.,%m,im+1 (M > 0) be any sequence such
that, in f, for all j with 0 < j < m the component i; depends directly on 7,4
via a linear term and 1i,, depends directly on 4,,41 via a quadratic term. Then 7y
depends directly on 4,41 via a quadratic term in L™ B(X, X) and hence also in }
So all components are nonconstant and depend (directly or indirectly) on every S-
component. Furthermore, no component depends on a component that is not in .5,
because L*B(X, X) contains only S-components. Thus, Lemma A.2 can be applied,
and the statement follows. d

The following lemma gives a bound on the propagation error for the case that f
has a single top SCC.

LEMMA A.4. Let f be a quadratic, clean, and feasible SPP. Let S C {1,...,n}
be the single top SCC of f. Let L:={1,...,n}\ S. Then there is a constant Cy >0

such that
lufs—psll <Cg-llpnfr — 2L

for all xp, with 0 < xp < pf;, where pg := p(fo[Xr/xL]).
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Proof. We write fg(X) = fq(Xg,X ) in the following.
If S is a trivial SCC, then pfg = fg(0,uf ;) and g = fg(0,2L). In this case
we have with Taylor’s theorem (cf. Lemma 2.3)

lufs = msll = 1£s(0, nfr) = F5(0,2L)]

<0x Fs(0, pnfr) - (nfp — L)l

<10x Fs 0, nf o)l - llnfr — =zl

= 0x £, uf )| - Vs, =zl - Vlpfr, — 2Ll
<ox £s(0, uf I - VInf Ll - Vlwefr -zl

and the statement follows by setting C¢ := ||0x F5(0, nf )l - /el
Hence, in the following we can assume that S is a nontrivial SCC. Set g(Xg) :=

fs(Xs,nufr). Notice that g is an scSPP with ug = pfg. By applying Lemma A.3
to g and setting ¢ := 1/,/Cy (the Cg from Lemma A.3), we get

lnfs = asl < c-Vllglng — (ufs — bs)) = (ng — (ufs — Bs))ll
=c VIIfs(hs.uf ) — fis]
=cC- \/Hfs(ﬁs,,u.f[/) - fS(ﬁvaL)Hv

and with Taylor’s theorem (cf. Lemma 2.3) we obtain

< e VIox, fs(tis, nf)(uf L — o)l
<c V0ox, Fs(ufsnfr)ufo — 2ol
<c V0ox, Fs(ufsnf )l - Vs — il
So the statement follows by setting Cy := ¢ \/[|0x, Fs(ufs, nfL)|- O

Now we can extend Lemma A.4 to Lemma 6.3, restated here.
LEMMA 6.3. There is a constant C¢ > 0 such that

Hﬂf[t] - ﬁ[t] <Cy- Hﬂf[>t] = P>
holds for all pi.yy with 0 < py < pfny, where fiyy = p(fiy([>1]/Pq))-

Proof. Observe that puf ), iy, 11f >4, and pp~4 do not depend on the components
of depth < ¢. So we can assume w.l.o.g. that ¢t = 0. Let SCC(0) = {S1,...,Sk}.

For any S; from SCC(0), let f(i) be obtained from f by removing all top SCCs
except for S;. Lemma A.3 applied to f(i) guarantees a C'*) such that

<CcW. \/Huf[>o] - P[>01H

holds for all pj-q with 0 < pj.g < p1f[~0)- Using the equivalence of norms, w.l.o.g.

Hlifsi - ﬁsi

let the norm |-|| be the maximum-norm ||-|| . Let Cy := maxj<;<x CY). Then we
have

H“f[o] - ﬁ[o]H = max |[ufs, —fg || < Cy \/Huf[>o] - P[>O]H

1<i<k

for all pi,g) with 0 < p~g) < uf>q)- a
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Appendix B. Proofs of section 8.

B.1. Proof of Lemma 8.2.
LEMMA 8.2.  For every quadric q; induced by a clean and feasible scSPP f we
have

q:(.’l)) = (8X1qi(w)aaX2Qi(w)a B aaanZ(w)) 7é 0 and 8)(1(,]1(38) <0 fOT allz € [Ovluf)

Proof. As shown by Etessami and Yannakakis in [16] under the above precondi-
tions it holds for all « € [0, yuf) that (Id — f'(x)) is invertible with

(- f'(x) = f(x)"
Thus, we have

-1

q(x)"" = (f'(x) - 1d)  =—(f'(x)),

implying that ¢}(x) # 0 for all € [0, uf), as ' (x) has to have full rank n in order for
q'(z)~! to exist. Furthermore, it follows that all entries of q'(z)~! are nonpositive,
as f'(x)* is nonnegative. Now, as ¢;(X) = f;(X) — X; and f;(X) is a polynomial
with nonnegative coefficients, it holds that

g;(z) - €j = 0x,¢i(x) = Ox; fi(x) = 0

for all j # i and > 0. With every entry of q'(z)~! nonpositive, and

we conclude that dx,q¢;(x) < 0. a

B.2. Proof of Lemma 8.4. We first summarize some properties of the functions

h;.

PROPOSITION B.1. Let f be a clean and feasible scSPP. Let @,y € [0, uf] with
z<vy.

(a) 0 < (@) < pf;.

(b) B (@_;) < B (@) for all k € N.

() B (@_;) <M (y_,) for all k € N.

(d) hi(x—;) < pf;, and h; is a map from [0, uf_;] to [0, uf;]. If fi depends on

at least one other variable except X;, we also have h;([0,uf_;)) C [0, uf;).
) hi(x—;) < hi(y_;).
) fi(x—i, hi(z—)) = hi(z_;).
) For x; = fi(x) we have hi(x_;) < x;.
) hi(ﬂf—i) =uf;-
Proof. Let 0 < x <y < uf. Using the monotonicity of f; over RZ, we proceed
by induction on k. a
(a) For k =0 we have

0<n @) = £,(0,2_3) < filuf) = pf.
We then get

0 < h* V(@) = fihF (@), 2_0) < filuf) = ufs.
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For k = 0 we have

WO (@) = £i(0,2 ) < fi(h (@), @) = b (@ ).

2

Thus

WY (@) = fi(hP (@), z) < (B (@), 2 = b (@)

3 3 3

follows.
As x <y, we have for k =0

WO (@) = fi(0,2—) < £i(0,9;) = b (y ).

Hence, we get
WD (@) = f( @),z < 0P ), ) = B (y_).

As the sequence (hl(-k) (z_;))ken is monotonically increasing and bounded from
above by uf,, the sequence converges. Thus, for every a the value

hi(z_;) = lim b (@)

is well-defined; i.e., h; is a map from [0, uf_;] to [0, fi].

If f; depends on at least one other variable except X, then h; is a nonconstant
power series in this variable with nonnegative coefficients. For x_; € [0, uf_;)
we thus always have

hi(z—;) < hi(nf_;) = uf;

as x_; = puf_;.
This follows immediately from (b).
As f; is continuous, we have

lim A5 (2_y) = hi(z_y),

a k— o0

filhi(x—i), ;) = fi <klim hgk) (wi),wi)

where the last equality holds because of (b).

Using induction similar to (a), replacing pf by «, one gets hgk) (x_;) < 2y
for all k € N as f;(x_;) = ;. Thus, h;(x_;) < z; follows similarly to (d).
By definition, we have pf = limy_, fk(O). For k = 0, we have

(f°(0))i = 0. < fi(0, uf ;) = B (uf_,).
We thus get by induction
(FED(0)) = fi(£50)) < fi(h® (uf _y)ouf—) = b (uf ).

Thus, we may conclude that puf; < h;(uf_;). As uf;, = fi(uf), we get by
virtue of (g) that h;(uf_;) < uf;, too. O
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With Proposition B.1 in hand, we now can show Lemma 8.4.
LEMMA 8.4. h; is continuously differentiable with

) N 8Xjfi(m) _ 8qui(m) . .
Ox; hi(x_i) = e s e o o forx € S; and j # 1.

In particular, 8Xj h; s monotonically increasing with x.

Proof. By Lemma 8.2 the implicit function theorem is applicable for every @ €
Si;. We therefore find for every € S; a local parametrization h, : U — V with
he(x_;) = x;. Thus hg(x_;) is the least nonnegative solution of ¢;(X;,z_;) = 0.
By continuity of ¢; it is now easily shown that for all y_, € U it has to hold that
he(y_;) is also the least nonnegative solution of ¢;(X;,y_;) = 0 (see below). By
uniqueness we therefore have hy = h; and that h; is continuously differentiable for all
T € [Ovlu’f—i)'

For every x_; € [0, uf _;) we can solve the (at most) quadratic equation ¢; (X;, x_;)
= 0. We already know that h;(x_;) is the least nonnegative solution of this equation.
So, if there exists another solution, it has to be real, too.

Assume first that this equation has two distinct solutions for some fixed x_; €
[0, uf_;). Solving ¢;(X;,xz_;) = 0 thus leads to an expression of the form

—b(CC_i) + \/b(.’l)_z)Q —4a - C(.’B_i)
2a

for the solutions where b, c are (at most) quadratic polynomials in X _;, ¢ having
nonnegative coefficients, and a is a positive constant (leading coefficient of X? in
¢;(X)). As b and c are continuous, the discriminant b(-)? — 4a - ¢(-) stays positive for
some open ball around x_; included inside of U (it is positive in _; as we assume
that we have two distinct solutions). By making U smaller, we may assume that U is
this open ball. One of the two solutions must then be the least nonnegative solution.
As h, is the least nonnegative solution for x_;, and h, is continuous, this also has
to hold for some open ball centered at x_;. W.l.o.g. U is this ball. So, h, and h;
coincide on U.

We turn to the case that ¢;(X;,x_;) = 0 has only a single solution, i.e., h;(x_;).
Note that ¢;(X) is linear in X; if and only if ¢;(X;, x_;) is linear in X;. Obviously,
if ¢; linear in X, then h; and h, coincide on U. Thus, consider the case that ¢;(X)
is quadratic in X;, but ¢;(X;,x_;) has only a single solution. This means that x_;
is a root of the discriminant, i.e., b(x_;) — dac(x_;) = 0. As h;(y_;) is a solution of
qi(X;,y_;,) =0 for all y_, € U, the discriminant is nonnegative on U. If it is equal
to zero on U, then we again have that h; is equal to hg on U. Therefore assume that
it is positive in some point of U. As the discriminant is continuous, the solutions
change continuously with «_;. But this implies that for some y_; € U there are at
least two y;, v € V such that (y_;,v;) and (y_;,y}) are both located on the quadric
¢i(X) = 0. But this contradicts the uniqueness of h, guaranteed by the implicit
function theorem.

Assume now that € S;. We then have

qi(x) = qi(x—i, hi(x—;)) =0,
or equivalently

filx_i,hi(x_;)) = hi(x_;).
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Calculating the gradient of both in « yields
fi(@) - pi(w_i) = hi(z—,).

For the Jacobian of p; we obtain

pi(@_i) = | hi(z i)

This leads to
Ox, fi(z) + Ox, fi(®) - Ox; hi(w—i) = Ox, hi(x—i),
which solved for dx, h; yields
an fl (.’B)
_8Xi qi (.’1}) '
As Ox,qi(x) < 0 and both Jx; f; and Ox,¢; monotonically increase with x, it follows
that Ox,h; also monotonically increases with x. Finally, for j # i we have that
Ox,qi =0x;fiasq¢i=fi — X;. O

B.3. Proof of Lemma 8.8.
LEMMA 8.8. For all x € S; we have

for all'y € S N [z, uf] : gi(x) - (y — @) < 0.

6Xj hi(iL',i) =

In particular

forally e Sin[x,pnf]:yi >z + Z@thi(sc_i) (y; — ).
i
Proof. Let x € S;, i.e., fi(x) = x;. We want to show that
gi(z) - (y—x) <0
for all y € S; N[z, uf). As f; is quadratic in X, we may write

0=1q(y)
= —yi + fi(y) .
—yi+ file) +fi(@) - (y—z)+(y—z) -A (y—=)
~——
=x; >0
> —yi+xi+ fi(z) (y —x)
=fix) (y—z)—el - (y—2)
=q(x) - (y—=),
where A is a symmetric square matrix with nonnegative components such that the

quadric terms of f; are given by X ' AX.

The second claim is easily obtained by solving this inequality for y; and recall-

1%} qm(Pz("’—z))
m and Jx,qi(p;(w—i)) <

ing that by Lemma 8.4 we have dx,hi(x_;) =
0. O
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B.4. Proof of Proposition 8.9.
PROPOSITION 8.9. It holds that

reR<xel0,uf)Ag(x)>0.

Proof. Let € Rand i € {1,...,n}. Consider the function

9(t) = qi(p;(z—:) + te;).

As ¢; is a quadratic polynomial in X, there exists a symmetric square matrix A with
nonnegative entries, a vector b, and a constant ¢ such that

G(X)=XTAX +b' X +c
It then follows that
G(X+Y)=¢(X)+d(X)Y +YTAY.
With ¢;(p;(x_;)) = 0 this implies

g(t) = qj(p;(@_;))te; + > e} Ae; =t - (Ox,qi(p;(@—i)) +a-t).
——

:=a>0

Asp,(x_;) < pf (f is strongly connected and € [0, uf)), we know that dx, ¢;(p; (x—:))
< 0. Thus, g(t) has at most two zeros, one at 0, the other for some ¢* > 0.

For the direction (=) we have to show only that z; < h;(z_;) implies that
¢i(z) > 0. This now easily follows as z; < h;(x_;) implies that there is a ¢’ < 0 with
pi(x_;) + te; = . But for this ¢’ <0 we have ¢;(x) = g(¢') > 0.

Consider therefore the other direction (<), that is, € [0, uf) with g(x) > 0.
Assume that ¢ R; i.e., for at least one ¢ we have x; > h;(x_;). As g;(x) > 0 there
has to be a t” > 0 with p;(z_;) + t"e; = @ and ¢(¢"") > 0. This implies that a > 0
has to hold, as otherwise g(¢) would be linear in ¢ and negative for ¢ > 0. But then
the second root t* of g(t) has to be positive. Set @* = p;(x_;) + t*e; with ¢;(x*) =0,
too.

A calculation similar to the one above leads to

gt +1t*) = qi(z" +te;) =t (Ox,qi(x") +a-t).

It follows that dx,¢;(x*) has to be greater than zero for —t* to be a root (as a > 0).
But we have shown that dx,¢;(x) < 0 for all © € [0, uf). O

B.5. Proof of Lemma 8.11.
LEMMA 8.11. Let f be a clean and feasible scSPP. Let V). .. x™ ¢ [0, 1 f).
Then the matriz

¢ (zM)
q, (™)

is reqular; i.e., the vectors {qi(x™)|i =1,...,n} are linearly independent.
Proof. Define @ € [0, uf) by setting

x; = max{xgj) [i=1,...,n}.
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We then have () < & for all i, and @ < pf. As mentioned above, we therefore have
that ¢'(«) is regular with

d@) == f@)"

keN
As £ < z it follows that
fi(W)
: < fl(=)
7 (™)
Hence, we also have
I

implying that

—1

THESIA g1 (=)
: and, thus, exist.
fr(@™) a, (™)
So, the vectors {¢}(z™),..., ¢, (™)} have to be linearly independent. 0

B.6. Proof of Theorem 8.13.
THEOREM 8.13. Let f be a clean and feasible scSPP. Letx € R. Fori=1,....n
fix some n; € [x;, hi(x_;)], and set = (m1,...,mm). We then have

< N(x) < Tolw) <T(x) < pf.

Further, the operator T is monotone on R; i.e., for any y € R with x < y it holds
that T (x) < T (y).
Proof. Set

= (x_;,m) and h:=(hi(x_1),...,hn(x_p)).
We first show that < 7, (x):

To(@) = (ai(m) 2, - (a(m) - mi—alm) 2y,
= (flm)) o (Failm) i+ ai(m), )
= (flm) iy (i) - (@4 (= i) - e0) +ai(mi))
= (fl(m)) iy (=) - = Ox,qi(mi) - (g — i) + @al(mi)) oy
>0 in every comp. <0 >0 >0
> x.

Ty () is by definition the (unique) solution of the equation system defined by

@(m) (X —m) = —qi(m;) (i=1,...,n).
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As Tp(x) > x, we can also consider this system with the origin of the coordinate
system moved into x, i.e.,

Gr)( X +x—m)=—q(m) (E=1,...,n).

We show that this system is equivalent to an SPP. For this, we solve these equations
for X;:

g (mi)(X +x —m;) = —q;(m;)
& q(m)X = —qi(m;) + qi(m;) (i —x)
———

=(mi—=i)ei
. Ox; qi () i (r5)
& X, = Zj;éi 7—3;iqi(‘l\‘i) - X5+ 7_aiiqi(ﬂ_i) + (i — ;).

Again, we have Ox,q;(m;) < 0 < Ox,qi(m;) as m; € R, and ¢j(;) monotonically
increases with 7;. Hence, the above linear equation for X; is indeed a polynomial with
nonnegative coefficients. Denote by f, the SPP defined by these linear equations. We
then have pf, = Ty(x) — x, as the above equation system has 7y (x) —x > 0 as its
unique solution. Further, we know that the Kleene sequence ( ff,(O)) ren converges to
pf - We show that all coefficients of f, increase with 7 — h. This is straightforward
for

Ox,; i ()
_8Xiqi(7ri) 7

as Ox,qi(m;) < 0 < Ox,qi(m;), and all of these terms increase with 7; — hi(x_;).
Consider therefore

qi(mi) — Ox,qi(m:) (i — i)

wm) o
0= ) = o)

~ —0x,qi(m;

We show that this term increases with ;. Set d; := n; —z;. We can find a nonnegative,
symmetric square matrix A, a vector b, and constant ¢ such that

G(X)=XTAX +b"X +¢ and ¢(X)=2XTA+b".
As ; = x + d;e;, we have
qi(mi) = qi(x + d;€;) = qi(x) + Ox,q:i(x)d; + 51'2141'1
and
Ox,4i(m:) - ; = ¢ (@ + die;)die; = Ox,qi(x)8; + 207 Ayi.
This leads to

qi(mi) — Ox,qi(7;)0; _ qi(z) — 07 Ay
—0x,qi(m;) —0x,qi(x) — 20; A

Taking the derivative w.r.t. §; yields

—2A,;:8; - qi(x)— A 57 (—ZA)
—0x, qi () +2A4i0; (—0x,qi(x)—2A;;6;)? w
2A;0x, i (2)0;+4A7, 62 +2A,,q; (x) —2A%,57

(—0x,qi(x)—24A:6;)?

— 94, Aii6740x, qi (2)8i+qi (x)

" (—0x,qi(x)—2Aii0;)*
—92A gi(mi)

i (=0x;qi(mi))?"

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



COMPUTING FIXED POINTS OF POLYNOMIAL SYSTEMS 2333
As gi(m;) > 0 and A;; > 0, it follows that

qi(m;)

e (TR
"o, T

increases with 7; — h;(x_;). Thus, all coefficients of f,, increase with 7; — hi(x_;),
and so for any 0’ € [n, h] it follows that

Foly) < fop(y) forally >0
and
To(@) —x=pf, < pfp =Ty(x) -
As N(X) = To(X) and T(X) = Tr(X), we may therefore conclude that
N(z) < Ty(x) < Ty (z) < T ().

It remains to show that 7 (x) < pf. This is equivalent to showing that uf, < pf—x.
For f,(X) we have by definition and Lemma 8.4

8qupz )) . () — (o ‘ o)
; oxai(pilw ) ) ;%hz( )X (i)~ s).

By virtue of Lemma 8.8 it follows that uf is above all the tangents, i.e.,

frpf—x) <pf—=
By monotonicity of f; we also have

Fr(0) < fr(nf —x).
A straightforward induction therefore shows that

fr0) <pf—=x (for all k € N),
and, thus,
T(x) —x =pfp < pf — .

We turn to the monotonicity of 7. Let y € R with < y. Assume that « and y are
located on the surface 5;, i.e.,

hz(ﬁc_z) = T; and hi(y_l-) = Y-

The tangent T;|, at S; in @ is spanned by the partial derivatives of p; in . The part
Tl N [, pf] relevant for 7 (x) can therefore be parameterized by

x+ Z@iji(w) (uj —xj) with w_; €[z, nf_;].
i

Similarly for T|,,.
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In particular, for u_; € [y_;, uf_;] both points on the tangents defined by u_;
differ only in the ith coordinate (the remaining coordinates are simply w_;):

ty =vi + Z@Xj hi(y) - (uj — y;), respectively, tm = z; + Z@Xj hi(z) - (u; — xj).

J#i J#i

By Lemma 8.8 we have

yi > x4y Ox,hi(®) - (y; — ).
J#i

From Lemma 8.4 it follows that dx,hi(y) > Ox,hi(x). Thus t, > t, immediately
follows.

Now for «,y € R with & < y we can apply this result to the tangents at S; in
p;(x_;), respectively, p;(y_,), and T (x) < T (y) follows. O
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